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Abstract 

The contents of this report covers: ( i  ) development of optimal geometry 

for crowned spur gears; ( i i )  methods for their generation; and ( i i i )  too th  

contact analysis ( T C A )  computer programs for the analysis of meshing and 

bearing contact of the crowned spur gears. 

The developed method for synthesis i s  used for  the determination of the 

optimal geometry for crowned pinion surface and i s  directed t o  reduce the 

sensitivity of the gears t o  misalignment, localize the bearing contact,  and 

guarantee the favorable shape and low level of the transmission errors. 

A new method for the generation of the crowned pinion surface has been 

proposed. 

revolution t h a t  slightly deviates from a regular cone surface. 

be used as a grinding wheel or as a shaver. 

also generated by a generating plane whose motion i s  provided by an automatic 

grinding machine controlled by a computer. 

This method i s  based on application of the tool  w i t h  a surface of 

The tool can 

The crowned pinion surface can be 

The TCA program simulates the meshing and bearing contact of the 

misaligned gears. The transmission errors are also determined. 

i v  



Summary 

S p u r  g e a r s  are  w i d e l y  u s e d  t o  t r a n s m i t  m e c h a n i c a l  power b e t w e e n  

~ p a r a l l e l  a x e s  of d r i v e  s h a f t s .  Namely, s u c h  yea r s  a re  u s e d  i n  

I p l a n e t a r y  t r a i n s  of h e l i c o p t e r s .  I t  is w e l l  known t h a t  s p u r  i n v o l u t e  
I 

yea r s  are  v e r y  s e n s i t i v e  t o  y e a r  m i s a l i g n m e n t s .  M i s a l i g n m e n t  w i l l  

~ cause: t h e  s h i f t  o f  t h e  b e a r i n g  c o n t a c t  t oward  t h e  e d g e  of t h e  g e a r  

tootii s u r f a c e s  and t r a n s m i s s i o n  errors t h a t  i n c r e a s e  y e a r  n o i s e .  The 

' 2 r e v i o u s  m e t n o d s  f o r  c r o w n i n g  o f  p i n i o n  t o o t h  s u r f a c e  h a v e  b e e n  

I d i r e c t e d  a t  p r o v i d i n g  o f  a f a v o r a b l e  b e a r i n g  c o n t a c t ; .  The 

t r a n s m i s s i o n  errors of  t h e  m i s a l i g n e d  g e a r s  have  b e e n  i g n o r e d .  The 

I new a 9 2 r o a c h  c ieve loged  ~y t h e  a u t h o r s  of  t h i s  r e p o r t  is d i r e c t e d  a t  

t h e  s y n t h e s i s  of s p u r  i n v o l u t e  g e a r s  w i t h  a crowned p i n i o n  s u r f a c e  

t n a t  p r o v i d e s :  ( i )  a p a r a b o l i c  t y p e  o f  low t r a n s m i s s i o n  errors  f o r  

t h e  m i s a l i g n e d  y e a r s  and  ( i i )  a l o c a l i z e d  b e a r i n g  c o n t a c t , .  N e w  

I m e t h o d s  f o r  t h e  g e n e r a t i o n  o f  crowned p i n i o n  s u r f a c e  p r o p o s e d  by t h e  

I authors  c a n  be r e a d i l y  a p p l i e d  by t h e  g e a r  i n d u s t r y .  

I 
I 

I 

I 

I 
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1. Introduction 

S p u r  i n v o l u t e  years  are  v e r y  s e n s i t i v e  t o  g e a r  m i s a l i g n m e n t s  t h a t  

cause: ( i )  t h e  s h i f t  of t h e  b e a r i n g  c o n t a c t  t o  t h e  e d g e  of  t h e  g e a r  

t o o t h  su r f aces  and  ( i i )  t r a n s m i s s i o n  errors t h a t  i n c r e a s e  g e a r  

n o i s e .  Many e f f o r t s  have  been  done  t o  improve  t h e  b e a r i n g  c o n t a c t  o f  

m i s a l i g n e d  s p u r  years  by c r o w n i n g  of  p i n i o n  t o o t h  s u r f a c e .  W i l d h a b e r  

( 1 9 6 2 )  h a s  2 r o p o s e d  v a r i o u s  me thods  of  c r o w n i n g  t h a t  c a n  be  a c h i e v e d  

i n  t h e  p r o c e s s  of g e a r  g e n e r a t i o n .  Maag e n g i n e e r s  (see R e f e r e n c e s )  

h a v e  used  c r o w n i n j  a s  (1) l o n g i t u d i n a l  c o r r e c t i o n s  ( F i g .  l . l a ) ,  ( i i )  

inodi f iec l  i n v o l u t e  too th  p r o f i l e  u n i f o r m  across f a c e w i d t h  ( F i g .  1. lb) , 
( i i i  j c o m b i n a t i o n  o f  l o n g i t u d i n d l  c o r r e c t i o n  and u n i f o r m  m o d i f i e d  

p r o f i l e  (P114. 1 . 1 ~ )  and ( i v )  topoloyica l  m o d i f i c a t i o n  ( F i g .  l . l d )  t h a t  

c a n  p r o v i d e  any  d e v i a t i o n  of  t h e  crowned t o o t h  s u r f a c e  froiii a r e g u l a r  

i n v o l u t e  s u r f a c e .  

The main p u r p o s e  of  t h e  p r e v i o u s l y  p r o p o s e d  me thods  f o r  c r o w n i n g  

was t o  improve  t h e  b e a r i n g  c o n t a c t  of t h e  m i s a l i g n e d  g e a r s .  T h i s  

r e s u l t e d  i n  o n l y  p a r t  of  t h e  s o l u t i o n .  The t r a n s m i s s i o n  errors of  t h e  

m i s a l i g n e d  s p u r  g e a r s  ( a  main  source of  t h e  n o i s e ) ,  were i g n o r e d .  The 

i n f l u e n c e  of  g e a r  m i s a l i g n m e n t  on t h e  t r a n s m i s s i o n  errors h a s  n o t  b e e n  

i n v e s t i g a t e d .  Maag ' s  method of  t o p o l o g i c a l  m o d i f i c a t i o n  d o e s  n o t  

q u a n t i f y  t h e  r e l a t i o n s h i p  b e t w e e n  t h e  s u r f a c e  d e v i a t i o n  and  t h e  

t r a n s m i s s i o n  error. A l s o  t h e  o p t i m a l  g e o m e t r y  fo r  t h e  c rowned p i n i o n  

s u r f a c e  has  n o t  been  p r o p o s e d .  

'The c o n t e n t s  of t h i s  r epor t  c o v e r  t h e  s o l u t i o n s  t o  t h e  f o l l o w i n g  

p rob le ins :  (1) optinial g e o m e t r y  o f  a crowned p i n i o n  t o o t h  s u r f a c e :  

( i i )  new inethoa of c rownin ,  b a s e d  on a p g l i c a t i o n  of a t o o l  w i t h  a 

s u r f a c e  of  r e v o l u t i o n  ( t h e  t oo l  s u r f a c e  is s l i g h t l y  d e v i a t e d  f rom a 

1 



c o n e  s u r f a c e )  ( i i i )  t h e  d e v e l o p n e n t  of Tooth  C o n t a c t  A n a l y s i s  ( T C 4 )  

p r o g r a m s  f o r  t h e  d e t e r m i n a t i o n  o f  t r a n s m i s s i o n  errors f o r  m i s a l i g n e d  

g e a r s  and  t h e i r  b e a r i n g  c o n t a c t .  

I The d e v e l o p m e n t  of t h e  o p t i m a l  g e o m e t r y  of  a c rowned p i n i o n  g e a r  

t o o t h  s u r f a c e  is based on t h e  f o l l o w i n g  c o n s i d e r a t i o n s :  

( i )  M i s a l i g n e d  s p u r  g e a r s  w i t h  a c rowned n i n i o n  t o o t h  s u r f a c e  

c a n  p r o v i d e  t r a n s n i s s i o n  errors ~4 ( $ 1 )  o f  t w o  t y p e s  t h a t  a re  shown i n  2 

F i g .  1.2a a n d  1.2b, r e s p e c t i v e l y .  The t r a n s m i s s i o n  e r ro r s  are 

d e t e r m i n e d  w i t h  t h e  e q u a t i o n  a s  

Here: N1 and  N2 a re  t h e  numbers  of g e a r  t e e t h ;  $1 a n d  m 2  a re  t h e  

a n g l e s  o f  g e a r  r o t a t i o n ;  $ 2 ( ~ 1 )  is t h e  f u n c t i o n  t h a t  r e l a t e s  t h e  

a n g l e s  o f  r o t a t i o n  o f  g e a r  a n d  p i n i o n  i f  t h e  p i n i o n  is crowned and  t%e 

g e a r s  are  m i s a l i g n e d ;  $ 2 0  - N $1 is t h e  t h e o r e t i c a l  r e l a t i o n  b e t w e e n  

t h e  a n g l e s  of  r o t a t i o n  of t h e  g e a r s  i n  t h e  i d e a l  case where  t h e  g e a r s  

- N1 

2 

are n o t  c rowned ,  n o t  m i s a l i g n e d  and  t h e  t r a n s m i s s i o n  errors  do n o t  

e x i s t .  Type 1 of t r a n s m i s s i o n  errors  are n o t  a c c e p t a b l e  b e c a u s e  t h e  

c h a n g e  o f  t o o t h  m e s h i n g  is  a c c o m p a n i e d  w i t h  a n  i n t e r r u p t i o n  o r  

i n t e r f e r e n c e  of t o o t h  s u r f a c e s .  Type 2 of t r a n s m i s s i o n  errors  is more 

p r e f e r a b l e  i f  t h e  l e v e l  of t h e  t r a n s m i s s i o n  errors  d o e s  n o t  e x c e e d  a 

p r e s c r i b e d  l i m i t .  

( i i )  On t h e  f i r s t  g l a n c e  c r o w n i n g  s h o u l d  b e  d i r e c t e d  a t  

p r o v i d i n g  a n  e x a c t  i n v o l u t e  s h a p e  i n  t h e  m i d d l e  c r o s s - s e c t i o n  

( F i g .  1 . 3 ) .  I n  r e a l i t y  t h i s  t y p e  o f  c r o w n i n g  is n o t  a c c e p t a b l e  

b e c a u s e  t h e  m i s a l i g n e d  g e a r s  w i l l  t r a n s f o r m  r o t a t i o n  w i t h  t r a n s m i s s i o n  
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er rors  of t y p e  1 ( F i g .  1 . 2 ~ 1 ) .  T h i s  is t h e  r e a s o n  why t h e  a u t h o r s  have  

d e c i d e d  t o  s y n t h e s i z e  a s p e c i f i c  crowned p i n i o n  t o o t h  s u r f a c e .  Such a 

p i n i o n  c a n  p r o v i d e  t r a n s f o r m a t i o n  of r o t a t i o n  w i t h  a p a r a b o l i c  t y p e  of  

t r a n s m i s s i o n  error  f u n c t i o n  when it is i n  mesh ing  w i t h  a g e a r  w i t h  a 

r e y u l a r  i n v o l u t e  t o o t h  s u r f a c e .  T h i s  t y p e  of f u n c t i o n  o f  t r a n s m i s s i o n  

errors  is  s y n t h e s i z e d  f o r  i d e a l  years  t h a t  d o  n o t  h a v e  a n y  

m i s a l i g n m n t .  Then ,  t h e  t e n d e n c y  t o  g r o v i d e  p a r a b o l i c  t r a n s m i s s i o n  

errors c a n  be e x t e n d e d  f o r  t h e  m i s a l i g n e d  g e a r s  and t h e  d i s c o n t i n u a n c e  

of iiiesnin, c a n  be a v o i d e d .  I t  is n e c e s s a r y  t o  e m p h a s i z e  t h a t  t h e  

p r o p o s e d  method of s y n t h e s i s  p r o v i d e s  a s h a p e  i n  t h e  midd le  cross- 

s e c t i o n  of the p i n i o n  tooth t h a t  d e v i a t e s  i n  a c e r t a i n  way f rom t h e  

i n v o l u t e  c u r v e  t h a t  is shown i n  F i g .  1 . 3 .  The l o n g i t u d i n a l  d e v i a t i o n  

f rom a s t r a i g h t  l i n e  is n o t  r e l a t e d  w i t n  the t r a n s m i s s i o n  errors b u t  

w i t h  t h e  d e s i r e d  d i m e n s i o n s  of t h e  i n s t a n t a n e o u s  c o n t a c t  e l l i p s e  f o r  

t h e  g e a r  t o o t h  s u r f a c e s .  The p r o p o s e d  p i n i o n  t o o t h  s u r f a c e  c a n  be  

. e n e r a t e d  by a p l a n e  as t h e  c h o s e n  g e n e r a t i n g  s u r f a c e .  The m o t i o n s  o f  

t h e  p l a n e  w i t h  t h e  respect t o  p i n i o n  mus t  be c o n t r o l l e d  by a c o m p u t e r .  

( i i i )  A n o t h e r  method of  p i n i o n  c r o w n i n g  is b a s e d  on a p p l i c a t i o n  

of a s u r f a c e  of r e v o l u t i o n  t h a t  s l i g h t l y  d e v i a t e s  f r o m  a r e g u l a r  too l  

con ica l  s u r f a c e  ( F i 3 .  1 . 4 ) .  Such a t oo l  c a n  be u s e d  as a g r i n d i n g  

wiieel o r  as a s h a v e r .  The m o t i o n s  of t h e  t oo l  and t h e  g e a r  b e i n g  

g e n e r a t e d  a re  r e l a t e d  s i m i l a r l y  t o  t h e  m o t i o n s  of  a rack-cut ter  and  

t n e  gear  (see C h a p t e r  4 ) .  A t oo l  w i t h  a r e g u l a r  c o n i c a l  s u r f a c e  cdn  

g e n e r d t e  a c rowned p i n i o n  t o o t h  s u r f a c e  whose m i d d l e  c r o s s - s e c t i o n  

r e p r e s e n t s  a n  i n v o l u t e  c u r v e  ( F i y .  1 . 3 ) .  However,  t h i s  t y p e  o f  a 

c rowned p i n i o n  t o o t h  s u r f a c e  is n o t  d e s i r a b l e  b e c a u s e  t h e  m i s a l i g n e d  

g e a r s  p r o v i d e  t r a n s m i s s i o n  e r rors  of  t y p e  1 ( F i g .  1 .2a ) .  T h i s  is t h e  
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r e a s o n  why a t o o l  w i t h  t h e  s u r f a c e  of r e v o l u t i o n  is t o  be u s e d  i n s t e a d  

o f  a c o n i c a l  s u r f a c e .  

( i v )  The e v a l u a t i o n  of t h e  b e a r i n g  c o n t a c t  and  t r a n s m i s s i o n  

errors f o r  t h e  m i s a l i g n e d  y e a r s  as  w e l l  a s  t h e  i n v e s t i g a t i o n  o f  t h e  

i n f l u e n c e  o f  errors o f  g e a r  a s s e m b l y  r e q u i r e s  a p p l i c a t i o n  of TCA 

p r o g r a m s .  Such  p r o g r a m s  h a v e  b e e n  d e v e l o p e d  by t h e  a u t h o r s .  The 

g r o g r a m s  are based on t h e  f o l l o w i n g  a l g o r i t h m s :  

( a )  The c o n t a c t i n g  y e a r  t oo th  s u r f a c e s  are  r e p r e s e n t e d  i n  a 

i i x e d  c o o r d i n d t e  s y s t e m ,  S f ,  t h a t  is r i g i d l y  c o n n e c t e d  t o  t h e  g e a r  

n o u s i n g  ( F i g .  1 . 5 ) .  

( b )  Tne  c o n t i n u o u s  t a n g e n c y  of g e a r  t o o t h  s u r f a c e s  is p r o v i d e d  

i f  t n e  p o s i t i o n - v e c t o r s  and s u r f a c e  u n i t  n o r m a l s  f o r  the  c o n t a c t i n g  

s c l r f a c e s  c o i n c i d e  a t  t h e  c o n t a c t  p o i n t  a t  any  i n s t a n t .  Then ,  w e  are  

a b l e  t o  d e t e r m i n e  t h e  p a t h  of  c o n t a c t  o n  t h e  g e a r  t o o t h  s u r f a c e s  a n d  

t h e  r e l a t i o n s  b e t w e e n  t h e  a n g l e s  of r o t a t i o n  of  t h e  o u t p u t  and  i n p u t  

g e a r s .  Knowing f u n c t i o n  I$ , (+,) ,  w e  c a n  d e t e r m i n e  t h e  d e v i a t i o n s  o f  

t h i s  f u n c t i o n  from t h e  p r e s c r i b e d  l i n e a r  f u n c t i o n  i . e .  t h e  

t r a n s m i s s i o n  errors .  

(c) Uue t o  t h e  e l a s t i c i t y  of  t h e  g e a r  t o o t h  s u r f a c e s  t h e  s u r f a c e  

c o n t a c t  is s p r e a d  o v e r  a n  e l l i p t i c a l  area.  The d i m e n s i o n s  and  

o r i e n t a t i o n  o f  the i n s t a n t a n e o u s  c o n t a c t  e l l i p s e  d e p e n d  o n  t h e  

p r i n c i g a l  c u r v a t u r e s  dnd p r i n c i p a l  d i r e c t i o n s  o f  t h e  c o n t a c t i n g  t o o t h  

s u r i d c e s .  T h e  b e a r i n 9  c o n t a c t  is d e t e r m i n e d  by t h e  d e v e l o p e d  TCA 

p r o g r a m  as t h e  s e t  o f  t h e  c o n t a c t  e l l i p s e s  t h a t  move o v e r  t h e  

c o n t a c t i n s  s u r f d c e s  i n  t h e  p r o c e s s  of m o t i o n .  
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2. Optimal Pinion Geometry 

, 2.1 Basic Consideration 

I I t  is assumed t h a t  o n l y  t h e  p i n i o n  w i l l  be  p r o v i d e d  w i t h  a 

1 crowned t o o t h  s u r f a c e  w h i l e  t h e  g e a r  is p r o v i d e d  w i t h  a r e g u l a r  

i i n v o l u t e  s u r f a c e .  The crowned p i n i o n  t o o t h  s u r f a c e  d e v i a t e s  f rom a 

r e g u l a r  i n v o l u t e  s u r f a c e .  The t o p o l o g y  of  t h e  crowned p i n i o n  t o o t h  

~ sur tace  m u s t  s a t i s f y  t h e  f o l l o w i n g  r e q u i r e m e n t s :  ( i )  t h e  p i n i o n  t o o t h  

s u r f a c e  is a c o n t i n u o u s  o n e ;  ( i i )  t n e  p i n i o n  and g e a r  t o o t h  s u r f a c e s  

1 are  i n  c o n t a c t  a t  a p o i n t  a t  any  i n s t a n t ;  ( i i i )  t h e  2 r i n c i p a l  

l d i r e c t i o n s  and c u r v a t u r e s  of  t h e  c o n t a c t i n g  s u r f a c e s  m u s t  be r e l a t e d  

I i n  s u c h  a way t h a t  t n e  i n s t a n t a n e o u s  c o n t a c t  e l l i p s e  w i l l  be o f  

' a p p r o p r i a t e  d i r n e n s i o n s ;  ( i v )  t h e  f u n c t i o n  of t r a n s m i s s i o n  errors of 

t n e  m i s a l i g n e d  g e a r s  s h o u l d  be of  a p a r a b o l i c  t y p e  and i ts  l e v e l  mus t  

The s a t i s f i c a t i o n  t o  t h e  d e s c r i b e d  

i 
I 

' n o t  e x t e n d  t h e  p r e s c r i b e d  l i m i t s .  

i c o n d i t i o n s  is c o n s i d e r e d  i n  t h e  f o l l o w i n g  s e c t i o n s  of  t h i s  p a r t .  

2.2 Parabolic Ty , pe of Function of Kinematic Errors 

I 

I 
I 

I n i t i a l l y  w e  w i l l  c o n s i d e r  t h a t  t h e  g e a r s  are n o t  m i s a l i g n e d ,  t h e  

p i n i o n  tooth s u r f a c e  is crowned and  t h e  g e a r  t o o t h  s u r f a c e  is a 

l r e y u l a r  i n v o l u t e  s u r f a c e .  The too th  s u r f a c e s  are i n  p o i n t  c o n t a c t  a t  

i e v e r y  i n s t a n t  and  t n e  L jo in t s  of c o n t a c t  l i e  i n  t h e  m i d d l e  cross- 

' s e c t i o n .  T h u s ,  i n i t i a l l y  w e  c o n s i d e r  t n e  mcshiny  o f  g e a r  t o o t h  

, s u r f a c e s  as a p l a n a r  g e a r i n g .  However, when s i m u l a t i n g  t h e  mesh ing  o f  

/ y e a r s  by TCA p r o y r a m ,  we w i l l  c o n s i d e r  t h e  mesh of  them a s  s p a t i a l  

I 

g e a r s .  

F i g u r e  2 . 2 . 1  s n o w s  t h e  s h a p e s  o f  t h e  years  which  are i n  c o n t a c t  

a t  a p o i n t  t h a t  l i e s  on  t h e  c e n t e r  d i s t a n c e .  The s h a p e  of  t h e  g e a r  
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t o o t h  p r o f i l e  is a r e g u l a r  i n v o l u t e  c u r v e ,  and t h e  s h a p e  of  t h e  p i n i o n  

t o o t h  p r o f i l e  is t o  be d e t e r m i n e d .  I t  is g i v e n  t h a t  t h e  s h a p e s  mus t  

p r o v i d e  t r a n s f o r m a t i o n  of  r o t a t i o n  r e p r e s e n t e d  by t h e  f u n c t i o n  ( F i g .  

2 . 2 . 2 a )  

( 2 . 2 . 1 )  

where  A $ ~ ( $ ~ )  is  a f u n c t i o n  of  a p a r a b o l i c  t y p e  t h a t  r e p r e s e n t s  t h e  

f u n c t i o n  of  t r a n s m i s s i o n  errors ;  N 1  and N 2  are  t h e  numbers  of g e a r  

t e e t h .  We have  t o  e m p h a s i z e  t h a t  t h e  p r o p o s e d  method f o r  s y n t h e s i s  

I p r o v i d e s  l o w  t r a n s m i s s i o n  e r rors  f o r  a l i g n e d  g e a r s  and t h e  f u n c t i o n  of  

t r a n s m i s s i o n  errors is a p a r a b o l i c  o n e .  Then ,  the  m i s a l i g n e d  g e a r s  

I 
w i l l  k e e p  t h e  t e n d e n c y  t o  t r a n s f o r m  r o t a t i o n  w i t h  t h e  same t y p e  of  

I t r a n s m i s s i o n  errors and t h e  d i s c o n t i n u a n c e  of  c o n t a c t  by mesh ing  w i l l  

be  a v o i d e d .  T h i s  means t h a t  w e  h a v e  t o  a v o i d  t h e  a p p e a r a n c e  of  

t r a n s m i s s i o n  errors t h a t  are shown i n  F i g .  1.2a. F u n c t i o n  

$1 t h a t  r e l a t e s  g 2 ( g l )  c o n t a i n s  a l i n e a r  f u n c t i o n  r e p r e s e n t e d  by N 
2 

t h e  a n g l e s  of r o t a t i o n  of t h e  " i d e a l "  i n p u t  and o u t p u t  g e a r s .  F i g u r e  

2 . 2 . 2 a  shows t h e  f u n c t i o n  $ 2 ( $ 1 )  . The f u n c t i o n  of  t r a n s m i s s i o n  

errors is r e p r e s e n t e d  t o  a l a r g e r  scale i n  F i g .  2.2.213 as a pe r iod ic  

~ N1 

f u n c t i o n  of  a p a r a b o l i c  t y p e .  The d e r i v a t i v e  

( 2 . 2 . 2 )  

is  shown i n  F i g .  2 . 2 . 2 ~ .  F o r  a ' 'pure' '  p a r a b o l i c  f u n c t i o n  t h i s  

d e r i v a t i v e  is a l i n e a r  f u n c t i o n .  I t  is e v i d e n t  t h a t  t h e  s e c o n d  

d e r i v a t i v e  r e p r e s e n t e d  by 
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l 
is n e g a t i v e .  The t r a n s f o r m a t i o n  of  r o t a t i o n  by t h e  g e a r s  w i l l  be 

I 

, 

: p e r f o r m e d  w i t h  a n o n - c o n s t a n t  g e a r  r a t i o  

bll b 1 2  b13  

b 3 1  b32 b33 

= o  b 2 1  b22 b23  

( 2 . 2 . 3 )  

I 
(The i n s t a n t a n e o u s  c e n t e r  of r o t a t i o n  I is moved a l o n g  t h e  g e a r  c e n t e r  

, d i s t a n c e  i n  t h e  p r o c e s s  o f  g e a r  r o t a t i o n .  F i g u r e  2 . 2 . 1  shows t h e  

, i n s t a n t a n e o u s  l o c a t i o n  of I. 

1 More d e t a i l s  a b o u t  the g e o m e t r y  of t h e  p i n i o n  t h a t  c o r r e s p o n d s  t o  

t h e  d i s c u s s e d  f u n c t i o n  $2(+1)  w i l l  be g i v e n  i n  C h a p t e r  3.  
I 
I 

2 .3  - Relation Between the Principal  Curvatures and Direct ions 

The r e l a t i o n  be tween  t h e  p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  of 

Ithe c o n t a c t i n g  s u r f a c e s  and t h e  d e r i v a t i v e  of t h e  g e a r  r a t i o  m i l  is 

: r e p r e s e n t e d  as f o l l o w s  ( L i t v i n ,  1987)  

( 2 . 3 . 1 )  

For t h e  case of s p u r  g e a r s  w i t h  t h e  crowned p i n i o n  t o o t h  s u r f a c e  t h e  

b l e raen t s  of t h e  d e t e r m i n a n t  of E q .  ( 2 . 3 . 1 )  are r e p r e s e n t e d  by t h e  

bo,,owirq e q u a t i o n s  
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b 2 1  - D 1 2  b 3 1  = b13 b32  = b 2 3  

1 0 

( 2 . 3 . 2 )  

( 2 . 3 . 3 )  

( 2 . 3 . 4 )  

( 2 . 3 . 5 )  

I F i g u r e  2.3.1 shows t h e  t a n g e n t  p l a n e  t o  t h e  g e a r  too th  s u r f a c e s  a t  t h e  I 

p o i n t  of c o n t a c t  I (see F i g .  2 . 2 . 1 ) .  The p r i n c i p a l  d i r e c t i o n s  a r e  

r e p r e s e n t e d  by t h e  u n i t  v e c t o r s  a n d  t h a t  a re  t h e  same f o r  t h e  

b o t h  c o n t a c t i n g  s u r f a c e s .  Vector is shown i n  F i g .  2 .3 .1  and  is 

r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  Sf as  f o l l o w s  

I 

( 2 . 3 . 6 )  

where I ) ~  is tne gressure a n g l e  a t  p o i n t  I .  Vector e is  d i r e c t e d  

p a r a l l e l  t o   he n e g a t i v e  z f - a x i s  and  is r e p r e s e n t e d  by  

-I I 
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e -11 = [-!I 
~ The s u r f a c e  u n i t  no rma l  v e c t o r  is r e p r e s e n t e d  by ( F i g .  2 .2 .1)  
I 

( 2 . 3 . 7 )  

( 2 . 3 . 3 )  

I 
1 The a n y u l a r  v e l o c i t i e s  of r o t a t i o n  are r e p r e s e n t e d  by ( F i g .  2 . 2 . 1 )  

( 2 . 3 . 9 )  

I 

Vectors xtc 
t r a n s € e r  m o t i o n ,  w h i l e  y e a r s  ro t a t e .  Thus  ( F i g .  2 .2 .1)  

and  i77:) r e p r e s e n t  t h e  v e l o c i t i e s  of t h e  c o n t a c t  p o i n t  i n  
I 

1 Vector C a n d  zNf ( '1 are  
N 

(2 .3 .10 )  

( 2 . 3 . 1 1 )  
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IJ 2 N1 O I = -  0 2 1  = -- p is d iame t ra l  
2P ' 1 2P 

2 + - ,  1 where 0102 = C o  = - 

p i t c h  and  C o  is i d e a l  or  n o m i n a l  c e n t r a l  d i s t a n c e .  
2P 2P 

( ' )  and KII are  t h e  f i r s t  and t h e  s e c o n d  p r i n c i p a l  c u r v a t u r e s  of t h e  KI 
g e a r  t o o t h  s u r f a c e  r e p r e s e n t e d  by 

Id 
where i) I = - is t h e  r a d i u s  of t h e  y e a r  g i t c h  c i r c l e .  The p o s i t i v e  

s i g n  of the c u r v a t u r e  i n d i c a t e s  t n a t  t h e  c u r v a t u r e  c e n t e r  l i e s  on t n e  
2 2P 

p o s i t i v e  d i r e c t i o n  of t h e  s u r f a c e  u n i t  n o r m a l .  The u n i t  v e c t o r  k2 i n  

E q .  ( 2 . 3 . 5 )  c o i n c i d e s  w i t h  t h e  u n i t  v e c t o r  of L I ( ~ ) ,  Thus  s2 = kf w h e r e  
N 

kf is the u n i t  

Ey u a  t i oris 

t n e  d e r i v a t i v e  

crowned p i n i o n  

vector  of  t h e  z f - a x i s  ( F i g .  2 . 2 . 1 ) .  

( 2 . 3 . 1 )  - ( 2 . 3 . 1 2 )  y i e l d  t h e  f o l l o w i n g  r e l a t i o n  be tween  

( m 2 1 ( $ l ) )  and t h e  p r i n c i p a l  c u r v a t u r e s  of  t h e  d m' = - 
2 1  d $ l  

t o o t h  s u r f  ace 

wnere 

N ., 
( 2 . 3 . 1 3 )  

'Tne g o a l  is t o  p r o v i d e  a pa rabo l i c  t y p e  o f  the t r a n s m i s s i o n  e r ror  

f u n c t i o n  a t  l ea s t  i n  t h e  n e i g h b o r h o o d  of  t h e  main  c o n t a c t  p o i n t  I .  

1 0  



T h i s  r e q u i r e m e n t  c a n  be s a t i s f i e d  w i t h  t h e  n e g a t i v e  v a l u e  of m i l .  
Us ing  E q .  ( 2 . 3 . 1 3 ) ,  w e  c a n  c o n t r o l  t h e  v a l u e  of  m i l  ( i t  is n e g a t i v e )  

by v a r y i n g  t h e  v a l u e s  o f  K : ~ ' .  I t  is e v i d e n t  t h a t  m i l  is n e g a t i v e  i f  

1 > . Here: -& 
N s i n + c  is t h e  c u r v a t u r e  a t  p o i n t  I if t h e  
1 . - .  l ~ i n q ~  c 

p i n i o n  would be p r o v i d e d  w i t h  a r e g u l a r  i n v o l u t e  c u r v e ;  K!') is t h e  

c u r v a t u r e  of  t h e  m o d i f i e d  s h a p e  of  t h e  p i n i o n  t o o t h  i n  i ts m i d d l e  

c r o s s - s e c t i o n .  We have  e m p h a s i z e d  t h a t  t h e  2 i n i o n  t o o t h  s u r f a c e  m u s t  

D e  d e v i a t e d  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n  ( F i g .  1 . 3 )  t o  p r o v i d e  t h e  

goiri t  c o n t a c t  of t h e  rtiating t o o t h  s u r f a c e s  and l o c a l i z e  t h e  b e a r i n g  

c o n t a c t .  
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3. Design of the Crowned Pinion Tooth Surface for the 
Prescribed Transmission Error Function 

3.1 Basic Concept 

C o n s i d e r  t h a t  t h e  f u n c t i o n  m 2 ( a l )  t h a t  r e l a t e s  t h e  a n g l e s  of  

r o t a t i o n  of  t h e  g e a r s  is r e p r e s e n t e d  by ( F i g .  3 . 3 . 1 ) .  

( 3 . 1 . 1 )  

is t h e  l i n e a r  p a r t  of f u n c t i o n  

2 

1 
$ 1  5 Here : 

) a n d  A $ ~ ( $ ~ )  = b l -  a l $ l  is p r e s c r i b e d  p a r a b o l i c  f u n c t i o n  of $ 2 ( 4 1  

t r a n s m i s s i o n  errors.  

The gear  is p r o v i d e d  with a r e g u l a r  i n v o l u t e  s u r f a c e .  I f  t h e  

g e a r s  are  a l i g n e d ,  t h e  c rowned p i n i o n  t o o t h  s u r f a c e  and  t h e  gear t o o t h  

s u r f a c e  are  i n  mesh i n  t h e  m i d d l e  c r o s s - s e c t i o n .  The c o n t a c t  o f  t h e  

g e a r  t o o t h  s u r f a c e  c a n  be  c o n s i d e r e d  as  t h e  c o n t a c t  of  t w o  p l a n a r  

s h a p e s .  Our g o a l  is t o  d e t e r m i n e  t h e  s h a p e  o f  t h e  p i n i o n  t o o t h  

s u r f a c e  i n  t h e  m i d d l e  cross-sect ion.  

We c o n s i d e r  t h a t  t h e  t r a n s m i s s i o n  errors i n  t h e  r e g i o n  of 

‘ a re  on a v e r a g e  e q u a l  t o  z e r o .  Thus  rl 
N1 ‘ $1‘ 5 - -  

E q u a t i o n  ( 3 . 1 . 2 )  y i e l d s  t h a t  

- “1 - e l  
a l - n 2  b l  -3 (r) 

1 

( 3 . 1 . 2 )  

( 3 . 1 . 3 )  

1 2  



I Henceforth we will use the following coordinate systems 

(Fig. 3.1.2): S1(X1,Y1) and S2(X2,Y2) that are rigidly connected to 

' the pinion and gear respectively; and Sf(xf,yf) that is the fixed 

1 coordinate system employed in the housing. 
I 

that is called the equation of meshing. 

(iv) The following equation 
1 

[r,l = [fllfl [rk2)1 = [PIlf] [Mf21 [r21 

13 

~ ~~~ -~ 

The determination of the pinion tooth shape is based on the 

following considerations: 
I 

(i) The year tooth shape c 2  is a regular involute curve 

represented in coordinate system S 2  by the vector-function ~ ~ ( 4 , ) ;  
i , the shape unit normal is represented by ~ ~ ( 4 , ) .  

(ii) Using the coordinate transformation in transition from S 2  

to Sf, we can represent the family of curves c G  in Sf as follows 

(iii) The equation of meshing is represented by 

(3.1.5) 

N (21)  is the sliding velocity at t h e  contact point. 1 where vf 
I Equations (3.1.4) and (3.1.5) yield the following relation i 

(3.1.7) 



aiid t h e  e q u a t i o n  of mesh ing  ( 3 . 1 . 6 )  d e t e r m i n e  t h e  s h a p e  of t h e  p i n i o n  

t o o t h  i n  t h e  m i d d l e  c r o s s - s e c t i o n .  The s u r f a c e  of t h e  p i n i o n  c a n  be  

d e t e r m i n e d  based on t h e  shage i n  its m i d d l e  c r o s s - s e c t i o n .  

3 . 2  l k r i v a t i o n  of Pinion Tooth Surface 

Gear Tooth Involute Shape Equations 

T h e  dear i r i v o l a t e  sha9,e and  i t s  u n i t  no rma l  a re  r e p r e s e n t e d  i n  S a  

dS f o l l o w s :  

x = r 2 [ s i n $ G - $ G c o s $ c c o s ( +  - $  )I 
L G c  

y 2  = r 2  [ C O S + ~ + $ ~ C O S +  s i n ( +  - $  ) ]  C G c  

z 2  = 0 

n -2 

( 3 . 2 . 1 )  

( 3 . 2 . 2 )  

Here: rL  is tile r a d i u s  of t h e  year  p i t c h  c i r c l e ,  +, is t h e  p r e s s u r e  

is t h e  i n v o l u t e  c u r v e  parameter;  n is t h e  n o r m a l  of a n y l e  and 

tootri s h a p e .  
+ti -2 

I M a t r i x  i M f 2 J  is r e p r e s e n t e d  by 

0 

0 

0 0 1 
0 u 

2 

2 

s i n +  

-cos $ 2 - s i n +  ( 3 . 2 . 3 )  

1 4  



Using  E q s .  ( 3 . 1 . 4 ) l  ( 3 . 2 . 1 ) ,  ( 3 . 2 . 2 )  and  ( 3 . 2 . 3 ) l  w e  r e p r e s e n t  t h e  

f a m i l y  of shapes C 2  and t h e  s h a p e  u n i t  no rma l  i n  Sf as f o l l o w s  

( 3 . 2 . 4 )  

0 

1 

( 3 . 2 . 5 )  

Equation of Meshing 

The s l i d i n g  v e l o c i t y  V ( 2 1 )  N is r e p r e s e n t e d  by t h e  f o l l o w i n g  
I 
I e q u a t i o n  
I 

Here ( F i y .  3 .1 .2 )  

1 

0 

0 
-1 

( 3 . 2 . 6 )  

1 5  



1 
w 2  = w (-1 - 2a141 1 1 IJ2 c 0 = r  ( 

N1 2 

[I1 j = I f  

The e x p r e s s i o n  f o r  w 2  is o b t a i n e d  by d i f f e r e n t i a t i n g  E q .  ( 3 . 1 . 1 ) .  

E q u a t i o n  ( 3 . 2 . 6 )  y i e l d s  

0 0 

0 0 1 0 
0 0 0 1 

1 cos + 1 s i n 4  

- 

( 3 . 2 . 7 )  

E q d a t i o n s  ( 3 . 1 . 5 ) ,  ( 3 . 2 . 7 ) ,  ( 3 . 2 . 4 )  and  ( 3 . 2 . 5 )  y i e l d  t h e  f o l l o w i n g  

e q u a t i o n  of mesh ing  

( 3 . 2 . 8 )  

2 14 

where $ 2  = - N 2  $1  + (L1-a141)-  

F i x i n g  +*, we can o b t a i n  parameter +G. E q u a t i o n  ( 3 . 2 . 8 )  p r o v i d e s  

two s o l u t i o n s  f o r  9, . T h e r e f o r e  i t  is n e c e s s a r y  t o  c h o o s e  t h e  

s o i u t i o n  c o r r e s p o n d i n g  t o  t h e  work ing  p a r t  of s h a p e  c2 .  

Pinion Tooth %Sha2e Equations 

M a t r i x  [ k l l f ]  is r e p r e s e n t e d  by ( F i g .  3 . 1 . 2 )  

0 0- 1 r - s i n +  
( 3 . 2 . 9 )  
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e q u a t i o n s  f o r  t h e  p i n i o n  s h a p e  

~ _ _ _ ~  ~~ ~ ~~ 

E q u a t i o n s  ( 3 . 2 . 9 ) ,  ( 3 . 1 . 7 ) ,  ( 3 . 2 . 4 )  and ( 3 . 2 . 8 )  y i e l d  t h e  f o l l o w i n g  

0 )  x1 = -C 0 s i n + 1  + r2s in[ml-qJc+g(ml) l  

N. n 

3.2.  

0 
y1 = C cos+l  - r 2 c o s [ +  1-$,+9 ($1)  1 

z 1  = 0 

Here : 

1 cosoc} 2 a 1 4 1  
g ( + l )  = a r c  c o s { [ l -  f J 1 / N 2 ) + 1  

E q u a t i o n s  ( 3 . 2 . 1 0 )  r e p r e s e n t  t h e  p i n i o n  s h a p e  i n  p a r a m e t r i c  f o r m ,  w i t h  

t h e  p a r a m e t e r  ,$l. For t h e  case where  t h e  p r e s c r i b e d  t r a n s m i s s i o n  

errors  are z e r o ,  a = 0, b l  = 0 ,  g ( $ l )  = I$, and E q .  ( 3 . 2 . 1 0 )  r e p r e s e n t  

t h e  p i n i o n  t o o t h  s h a p e  as a r e g u l a r  i n v o l u t e  s h a p e .  

1 

Pinion Tooth Surface Equations 

The crowned p i n i o n  t o o t h  s u r f a c e  m u s t  be d e v i a t e d  f rom a 

c y l i n d r i c a l  s u r f a c e  i n  t h e  l o n g i t i d u n a l  d i r e c t i o n  ( F i g .  1 . 3 ) .  The 
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s i n p l e s t  way t o  o b t a i n  s u c h  d e v i a t i o n  i s  b a s e d  on r e p r e s e n t a t i o n  of 

t h e  p i n i o n  t o o t h  s u r f a c e  as a s u r f a c e  of r e v o l u t i o n .  Such a s u r f a c e  

c d n  be G e n e r d t e d  oy  tile r o t a c i o n  of  t h e  p i n i o n  t o o t h  s h a p e  a b o u t  a 

f i x e d  a x i s .  'The d e t e r n i n a t i o n  of t h e  p i n i o n  s u r f a c e  of  r e v o l u t i o n  c a n  

be perf  orliieci 01 u s i n g  the f o l l o w i n g  p r o c e d u r e  : 

( i )  Assume t h a t  t h e  p i n i o n  t o o t h  s h a p e  h a s  b e e n  t r a n s m i t t e d  f r o m  

t n e  c o a r d i n a t e  s y s t e m  S1 t o  the a u x i l i a r y  c o o r d i n a t e  s y s t e m  Sa ( F i g .  

3 . L .  l a ) .  Thus t h e  t o o t n  shape is now r i g i d l y  c o n n e c t e d  t o  c o o r d i n a t e  

s y s t e m  Sa and  is r e p r e s e n t e d  i n  Sa by t h e  f o l l o w i n g  m a t r i x  e q u a t i o n :  

where 

[M . j  = a1  

( i i )  On 

0 2 1 1 
( 3 . 2 . 1 1 )  

( 3 .2 .12 )  

tile s e c o n d  s t a g e  w e  u s e  a f i x e d  c o o r d i n a t e  s b  and  r o t a t e  

t h e  c o o r d i n a t e  s y s t e m  Sa w i t n  t h e  t o o t h  s h a p e  a b o u t  t h e  y b - a x i s .  The  

t oo th  shape will y e n e r a t e  a s u r f a c e  of  r e v o l u t i o n  r e p r e s e n t e d  i n  sb a s  

f o l l o w s  ( F i g .  3 .2 .1b )  

( 3 . 2 . 1 3 )  

where 



[M 1 = ba 

- cose o - s i n e  : ] 
0 1 0 

s i n e  0 cose o 
0 0 0 1 - 

( 3 . 2 . 1 4 )  

( i i i )  Now, w e  c a n  r e p r e s e n t  t h e  g e n e r a t e d  p i n i o n  t o o t h  s u r f a c e  

i n  c o o r d i n a t e  s y s t e m  S1 u s i n g  t h e  f o l l o w i n g  m a t r i x  e q u a t i o n  ( F i g .  

3 .21c):  

where 

l M l b J  
1 

= 1: 0 

-:l 1 1 
( 3 . 2 . 1 5 )  

( 3 . 2 . 1 6 )  

The f i n a l  e x p r e s s i o n  of t h e  p i n i o n  t o o t h  s u r f a c e  c a n  b e  

r e g r e s e n t e d  now as  f o l l o w s  

E q u a t i o n s  ( 3 . 2 . 1 1 )  - ( 3 . 2 . 1 7 )  y i e l d  
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( 3 . 2 . 1 8 )  = x ( 0  ) s i n e  + R s i n e  f 3 (  e, 0,) 1 P  

Here x ~ ( $ ~ ) ,  ~ ~ ( 0 ~ )  a r e  f u n c t i o n s  (Eq .  3 . 2 . 1 0 )  t n a t  r e p r e s e n t  t h e  

g i n i o n  sha2,e i n  t h e  m i d d l e  c r o s s - s e c t i o n .  A l s o  f o r  c o n v e n i e n c e ,  w e  

u s e  0 as c u r v e  p a r a m e t e r  i n s t e a d  o f  $ l .  
I 

I i-, 

3.3  Simula.tion of Meshinq and Bearing Contact 

The a u t h o r s  h a v e  d e v e l o p e d  t h e  TCA (Too th  C o n t a c t  A n a l y s i s )  

p r o g r a m  t o  s i m u l a t e  t h e  m e s h i n g  a n d  b e a r i n g  c o n t a c t  o f  m i s a l i g n e d  

y e a r s  ( s e e  t h e  A p p e n d i x ) .  The resu l t s  of  t h e  TCA p r o g r a m  c o n f i r m  t h a t  

t h e  p r o p o s e d  method of c r o w n i n g  r e d u c e s  t h e  s e n s i t i v i t y  o f  g e a r s  t o  

tile m i s a l i g n m e n t  ( a s  shown i n  n u m e r i c a l  e x a m p l e ) .  

Example 

Given :  numbers  of t ee th :  TJ1 = 2 3 ,  t J 2  = 40; diametral  p i t c h  

P = lu - ; p r e s s u r e  a n g l e  $c = 2u0 .  The p i n i o n  t o o t h  s u r f a c e  h a s  b e e n  

d e s i y n e c i  as  a crowned su r face  and t h e  f u n c t i o n  of  t r a n s m i s s i o n  errors 

1 
i n  

f o r  t h e  y e a r s  w i t h o u t  m i s a l i g n m e n t s  h a s  b e e n  r e p r e s e n t e d  a s  a 

p a r d u o l i c  f u n c t i o n  w i t h  t h e  " L e v e l  o f  K i n e m a t i c a l  Errors ( L K E ) "  = 2 

arc s e c o n d .  R a d i u s  of r o t a t i o n  R 1  = 350 i n  (see F i g .  3 . 2 . 1 ) .  The 

d e v e l o p e d  TCA Qroyraln h a s  b e e n  a p p l i e d  f o r  t h e  e v a l u a t i o n  of  t r a n s -  

m i s s i o n  errors f o r  t h e  f o l l o w i n g  m i s a l i g n m e n t s :  

( i )  The  c h a n g e  of  t h e  c e n t e r  d i s t a n c e  is - - - 1%. The g e a r  a x e s  are 

n o t  p a r a l l e l  b u t  c r o s s e d  and  t h e  t w i s t  a n g l e  is 5 a rc  m i n u t e s .  The 

C 
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' function of kinematic errors caused by the misalignments mentioned 

above is of a parabolic type and the maximum value of transmission 
I 
I errors is 1.2 arc seconds. 

~ (11) T h e  year axes are not parallel but intersected and form the 
I 
, anyle a = 5 arc minutes. The function of kinematic errors is of a 

I 

parabolic type and t n e  maximum value of transmission errors is 2.0 arc 

' seconds. 

I 

2 1  



4. Deviation of Pinion Tooth Surface by Tool with Cone or 
Revolute SurCace 

4.1 Introduction 

A new metnod f o r  j e n e r a t a t i o n  of  the p i n i o n  of s s u r  g e a r i n g  is 

d e v e l o p e d .  The i n v o l u t e  s p u r  y e a r s  w i t h  t h e  crowned p i n i o n  t o o t h  

s u r f a c e  are  less s e n s i t i v e  t o  t h e  g e a r  m i s a l i g n m e n t ,  t h e  b e a r i n g  

c o n t a c t  has a f a v o r a b l e  l o c a t i o n  and t h e  k i i l e m a t i c a l  e r rors  are v e r y  

small and witn f a v o r a b l e  shape.  T h e  c rowning  may be done  by g r i n d i n g  

or s h a v i n g  u s i n g  a t o o l  w i t h  c o n i c  s u r f a c e ,  a s u r f a c e  o f  r e v o l u t i o n  o r  

a p l a n a r  s u r f a c e .  The new method c o v e r s :  ( i )  t h e  t h e o r y  of  t h e  

p r o p o s e d  method of  c r o w n i n g ,  ( i i )  d e t e r m i n a t i o n  of  t h e  p i n i o n  s u r f a c e  

g e n e r a t e d  r>y t h e  t o o l ,  ( i i i )  c o n d i t i o n s  of n o n - u n d e r c u t t i n g ,  (iv) 

p r i n c i p a l  c u r v a t u r e s  and  d i r e c t i o n s  o f  t h e  p i n i o n  t o o t h  s u r f a c e ,  ( v )  

d i m e n s i o n s  and  o r i e n t a t i o n  o f  t h e  i n s t a n t a n e o u s  c o n t a c t  e l l i p s e ,  

( v i )  t h e  b e a r l n y  c o n t a c t  and ( v i i )  t h e  k i n e m a t i c a l  errors d u e  t o  

y e a r  m i s a l i g n m e n t .  Computer  p r o y r a m s  are  d e v e l o p e d  i n  a l l  s t a g e s  

i n c l u d i n g  t h e  s i m u l a t i o n  o f  mesh ing  and  b e a r i n g  c o n t a c t  TCA ( T o o t h  

C o n t a c t  A n a l y s i s )  p r o g r a m .  

4.2 Principle of Generation and Coordinate Systems 

C o n s i d e r  t w o  r i g i d l y  c o n n e c t  g e n e r a t i n g  s u r f a c e s  CG and C . The 
P 

j e n e r a t i n y  s u r f a c e  is a p l a n e  and g e n e r a t e s  t h e  gear t o o t h  s u r f a c e  

C 2  t n a t  is a r e g u l a r  i n v o l u t e  s u r f a c e .  S u r f a c e  c is a s u r f a c e  o f  

r e v o l u t i o n .  I n i t i a l l y  we c o n s i d e r  t h a t  C is a cone  s u r f a c e  a n d  

C a n d  C G  c o n t a c t  e a c h  o t h e r  a l o n g  a s t r a i g h t  l i n e  t h a t  is t h e  

g e n e r a t r i x  o f  t h e  c o n e .  

P 

P 

P 

F i y u r e  4.2.0 shows t h e  g e n e r a t i n g  s u r f a c e s  C a n d  C F i g u r e  1 . 4  
G P *  
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snows a s K e t c h  of t h e  t oo l  k h a t  c o u l d  be used  f o r  p i n i o n  g e n e r a t i o n .  

I F i y u r e  4 . 2 . 1  i l l u s t r a t e s  t h e  grocess of y e n e r a t i o n .  Whi le  t h e  r i g i d l y  

i c o n n e c t e d  y e n e r a t i n y  su r f aces  p e r f o r m  a t r a n s l a t i o n a l  m o t i o n ,  t h e  

parameter of m o t i o n  of  t h e  c u t t e r s ,  s, and t h e  a n g l e s  of  r o t a t i o n  of  

t h e  p i n i o n  and t h e  y e a r ,  and +G, are r e l a t e d  as  f o l l o w s  
+? 

, t h e  i n s t a n t a n e o u s  c e n t e r  of r o t a t i o n .  C o o r d i n a t e  s y s t e m s  S1 and S2 

dre r i g i d l y  c o n n e c t e d  t o  t h e  p i n i o n  and t h e  y e a r  r e s p e c t i v e l y .  The 

I 
( 4 . 2 . 1 )  
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( 4 . 2 . 2 )  

( 4 . 2 . 3 )  



Here: r (ti) (UG,OG) is t h e  v e c t o r  f u n c t i o n  t h a t  r e p r e s e n t s  p l a n e  

C G  ; [142c j  is t h e  m a t r i x  t h a t  d e s c r i b e s  t h e  c o o r d i n a t e  t r a n s f o r m a t i o n  

frorri Sc ‘io S2. E q u a t i o n  ( 4 . 2 . 3 )  is c a l l e d  t h e  e q u a t i o n  o f  mesh ing  o f  

t h e  sear c u t t e r  and  g e a r  2 i l i t v i n ,  19871 .  n ( ‘ ) i s t h e u n i t  n o r m a l  of 

NC 

N 

i c2’  = - V ( 2 )  is t h e  r e l a t i v e  v e l o c i t y  y e n e r a t i n y  s u r f a c e  a n d  V 
N N N 

f o r  t h e  grocess of g e n e r a t i o n .  

C 2  may b e  r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  Sc as  a f u n c t i o n  o f  

paraiiieter 0, as  fol lows 

C o n t a c t  p o i n t  E l i  of s u r f a c e s  c1 a n d  

E q u a t i o n s  

( 4 . 2 . 4 )  

( 4 . 2 . 5 )  

r e p r e s e n t  l i n e  LGp i n  c o o r d i n a t e  s y s t e m  Sc. E q u a t i o n s  ( 4 . 2 . 4 )  

r e g r e s e n t  t h e  l o c a t i o n  o f  p o i n t s  iVll, M 2 , . . . I  Mn on  s u r f a c e  CG as a 

f u n c t i o n  of parameter $G . M a t r i x  Ey. ( 4 . 2 . 2 )  and  E q .  ( 4 . 2 . 4 )  

r e p r e s e n t  t n e  s e t  of c o n t a c t  p o i n t s  of gear t o o t h  s u r f a c e s  

C 2  a n d  C 1  i n  c o o r d i n a t e  s y s t e m  S2 .  T h e s e  p o i n t s  are t h e  c e n t e r s  of 

t h e  i n s t a n t a n e o u s  c o n t a c t  e l l i p s e s  t h a t  fo rm t h e  b e a r i n g  c o n t a c t  o f  

sear 2 and  p i n i o n  1. 

Usiny t h e  m a t r i x  e q u a t i o n  

( 4 . 2 . 6 )  
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a n d  Ey. ( 4 . 2 . 4 )  we n a y  r e p r e s e n t  i n  c o o r d i n a t e  s y s t e m  Sf t h e  l i n e  of 

a c t i o n  --- t h e  s e t  of c o n t a c t  p o i n t s  o f  C 1  and  C 2  i n  t h e  f i x e d  

c o o r d i n a t e  s y s t e m .  

we may 

r e p r e s e n t  i n  c o o r d i n a t e  s y s t e m  Sc t h e  l i n e s  o f  c o n t a c t ,  L p l r  of 

s u r i a c e s  c p  dnd  c1 as  follows 

P' S i i i i i l a r i y ,  c o n s i d e r i n g  t h e  g e n e r a t i n g  s u r f a c e  C 

( 4 . 2 . 7 )  

Here n N ('1 is t h e  u n i t  no rma l  o f  g e n e r a t i n g  s u r f a c e  

Cp; , (P1 )  N = , (PI N - v N 
g e n e r a t  i o n .  

is t h e  r e l a t i v e  v e l o c i t y  f o r  t h e  p r o c e s s  of 

Tne p i n i o n  s u r f a c e  is r e p r e s e n t e d  by t h e  e q u a t i o n s  

( 4 . 2 . 8 )  

E q u a t i o n s  

= P ) ( u p r e p ) ,  F ( u p r S p )  = 0 (4 .2 .9 )  5 C  NC 

r e p r e s e n t ,  i n  terms o f  u p ,  and  e p ,  t h e  l i n e  of c o n t a c t  of s u r f a c e s  

c p  a n d  cG. i n  c o o r d i n a t e  s y s t e m  Sc. 

.E1 a n d  C 2  

parameter 0, as f o l l o w s  

C o n t a c t  p o i n t  Mi o f  s u r f a c e s  

may be r e p r e s e n t e d  i n  c o o r d i n t e  s y s t e m  Sc a s  a f u n c t i o n  o f  

(4.2.10) 



Using  t h e  m a t r i x  e q u a t i o n  

( 4 . 2 . 1 1 )  

and  E q .  (4 .2 .1U)  w e  may r e p r e s e n t  t h e  l i n e  of  a c t i o n  of  g e a r s  1 and 2 

as  a f u n c t i o n  of o P  i n  c o o r d i n a t e  sys te rn  S f .  E q u a t i o n s  ( 4 . 2 . 4 )  and  

( 4 . 2 . 6 j f  and ( 4 . 2 . 1 0 )  and ( 4 . 2 . 1 1 ) f  d e t e r m i n e  t h e  same l i n e  of  a c t i o n  

b u t  i n  d i f f e r e n t  parameter,  4, or  o P f  r e s p e c t i v e l y .  

4.3 Tool Surface 

The p i n i o n  g e n e r a t i n g  s u r f a c e  is  a cone  and may be r e p r e s e n t e d  i n  

an  a u x i l i a r y  c o o r d i n a t e  s y s t e m  Sa as  f o l l o w s  ( F i g .  4 . 3 . 1 )  

x = u s i n a c o s e p  y a  = d-upCOSa 

z a = u P s i n a s i n e p  

a P 

0 <BP"2n =a 

The s u r f a c e  no rma l  is r e 2 r e s e n t e d  by 

r f 

COSaCOSep 

c o s a s i n  e 
- u s i n a  1 s i n a  1 a Ea 

a e P  a P Id = - x - -  -a 

The u n i t  s u r f a c e  no rma l  is ( p r o v i d e d  u p s i n a  f 0 )  

c o s a  

i n a ]  = 1 s i n a  J 
cosa s i n e p  

( 4 . 3 . 1 )  

( 4 . 3 . 2 )  

( 4 . 3 . 3 )  
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F i g u r e  4 . 3 . 2  i l l u s t r a t e s  t h e  i n s t a l l m e n t  of t h e  t oo l  c o n e  i n  

c o o r d i n a t e  s y s t e m  S,. Axes of c o o r d i n a t e  s y s t e m  sb are  p a r a l l e l  to 

a x e s  of s y s t e m  Sa a n d  a x e s  xb ,  yb l i e  i n  p l a n e  zc  = 0.  The c o o r d i n a t e  

t r a i i s f o r r n a t i o n  froin Sa t o  S, is r e p r e s e n t e d  by t h e  f o l l o w i n g  m a t r i x  

e y u a t  i o n  

iiere 

0 1  

[Mcbl = - s i n ( a - $ c )  cos(a-~,) 0 
0 0 1 i 0 0 

C o n b i n i n y  Eq. (4.3.5) and  Ey. ( 4 . 3 . 6 )  r e s u l t s  i n :  

( 4 . 3 . 5 )  

( 4 . 3 . 6 )  

* 
cos(a-$c) s i n ( a - $ , )  0 -u s i n $  - d s i n ( a - 9  P C * 

u COS$ - d c o s (  a-$c) - s i n ( a - l l c )   COS(^-$^) 0 P C 

0 0 1 0 I 0 0 0 1 

[Mca j  = 

( 4 . 3 . 7 )  
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- d b * 
fiere u p  = J A O  I = - - -- cosa C O S $  

C 
C 

Using E q s .  ( 4 . 3 . J ) ,  ( 4 . 3 . 7 )  and ( 4 . 3 . 1 1 ,  w e  r e p r e s e n t  

s y s t e m  Sc by e q u a t i o n s  t h e  g e n e r a t i n g  s u r f a c e  c p  i n  c o o r d i n a t e  

follows 

as  

* 
[ s i n a c o s e p c o s ( a - $  C ) - c ~ c i s i n ( a - $ ~ ) ]  - ~1 P s in ip  C 

* 
- ~ ~ [ s i n a c o s e ~ s i n ( a - $ ~ )  + cosacos(a-+  c ) I  + u P COS$  C 

[rLp)] = 

P I u s i n a s i n e  P 

1 

( 4 . 3 . 8 )  

I t  is e v i d e n t  t h a t  t h e  p o i n t  of t h e  c o n e  s u r f a c e  w i t h  t h e  s u r f a c e  
* 

p a r a m e t e r  u p  = up a n d  e p  = 0 c o i n c i d e s  w i t h  t h e  o r i g i n  0, of 

c o o r d i n a t e  s y s t e m  Sc .  The u n i t  no rma l  of  cone  s u r f a c e  is r e p r e s e n t e d  

i n  c o o r d i n a t e  s y s t e m  Sc by 

Here 

1 

cos ( a-$c 1 s i n  ( 1 
- ~ i n ( a - $ ~ )   COS(^-$,) i 0 0 

[Leal = 

E q u a t i o n s  ( 4 . 3 . 9 1 ,  ( 4 . 3 . 1 0 )  and  ( 4 . 3 . 3 )  y i e l d  
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( 4 . 3 . 1 0 )  





f l  ( u p r e p ’  6,) = rl 4, i - c o s a c o s ~  s i n ( a - $ ,  + s i n c t c o s ( a - $ c )  I 
i> 

2 2 * 
+ u (cosepcos a + s i n  a )  = 0 -u cosep P P 

tiere ( F i g .  4 . 3 . 2 )  

d b * - - - - -  u = AOc 
C 

I? cos* cos+ 

The l i n e  of c o n t a c t  LpG of g e n e r a t i n g  s u r f a c e s  cp  a n d  cG 

( F i g .  4 . 2 . 0 )  is g e n e r a t r i x  o f  t h e  cone s u r f a c e  d e t e r m i n e d  w i t h  

( 4 . 4 . 3 )  

( 4 . 4 . 4 )  

e p  = o ( 4 . 4 . 5 )  

E q u a t i o n s  ( 4 . 3 . 8 ) ,  ( 4 . 4 . 3 )  and  ( 4 . 4 . 5 )  r e p r e s e n t  t h e  l oca t ion  o f  t h e  

i n s t a n t a n e o u s  c o n t a c t  p o i n t  o f  s u r f a c e s  c1 a n d  c 2  on  s u r f a c e  C p  as  

f o l l o w s  

( 4 . 4 . 6 )  

The c o o r d i n a t e  t r a n s f o r m a t i o n  i n  t r a n s i t i o n  from Sc t o  Sf is  

r e p r e s e n t e d  by t h e  m a t r i x  e q u a t i o n  

where ( F i g  . 4 . 2 . 1 )  

( 4 . 4 . 7 )  
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0 = 

0 

1 

r 

E q u a t i o n s  ( 4 . 4 . 6 )  t o  ( 4 . 4 . 8 )  y i e l d  

2 xf  = r $ cos J, 1 P  c y f  = r 1 1 ,  -r 0 s i n +  C C O S J ,  C Z f  = 0 

( 4 . 4 . 3 )  

( 4 . 4 . 9 )  

E q u a t i o n s  ( 4 . 4 . 9 )  r e p r e s e n t  t h e  l i n e  of a c t i o n  as  a t a n g e n t  t o  t h e  

base c y l i n d e r  o f  r a d i u s  rbl t h a t  l i e s  i n  p l a n e  z f  = 0 and  passes 

t h r o u g h  p o i n t  I ( F i g .  4 . 4 . 1 ) .  

The p i n i o n  tooth s u r f a c e  may be r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  

S1 as t h e  se t  of  c o n t a c t  l i n e s  o f  s u r f a c e s  C and E l .  Thus w e  o b t a i n  P 

s i n $ ,  

P cos $l 

0 

0 

0 I 1 

( 4 . 4 . 1 1 )  

E q u a t i o n s  ( 4 . 4 . 1 0 ) ,  ( 4 . 4 . 3 )  and ( 4 . 3 . 8 )  y i e l d  
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x1 = ~ ~ [ c o s ~ ~ s i n a c o s ( a - ~  +6 ) - c o s a s i n ( a - $ c + 4 p ) l  C P  * 
-u + r 1 ( - 4 p c o s + p + s i n +  ) P P 

- u p [ c o s e p s i n a s i n ( a - $  ++,) + c o s a c o s ( a - $  + +  1 1  
C C P  4r1 - - 

* 
+ up  COS($^-$^) + r 1 P  ( +  s i n + p  + cos+p)  

z1 = u s i n $  s i n a  P P 

f l ( u p , e p l + p )  = r + [ - c o s a c o s e p s i n ( a - $  ) + s i n a c o s ( a - $ c ) l  
1 P  C 

+ u * ( c 0 s 8 ~ c o s  2 a + s i n  2 a) = 0 ( 4 . 4 . 1 2 )  
P -U cosep P 

E q u a t i o n s  ( 4 . 4 . 1 2 )  a r e  e q u i v a l e n t  t o  t h e  r e p r e s e n t a t i o n  of t h e  p i n i o n  

s u r f a c e  by t h e  v e c t o r  f u n c t i o n  ~ ~ ( u ~ , e ~ , + ~ )  and  t h e  e q u a t i o n  

o f  mesh ing  fl(up,ep,4p) = 0.  T a k i n g  i t  i n t o  a c c o u n t  t h a t  

f l ( u p , e p , $ p )  = U is l i n e a r  w i t h  respect  t o  t h e  parameter u p ,  i t  is 

easy  t o  e l i m i n a t e  u p  a n d  r e p r e s e n t  t h e  p i n i o n  s u r f a c e  i n  t w o  

parametric form, w i t h  t h e  parameters,  ep and 4,. 

'Tne i n t e r s e c t i o n  of t h e  s u r f a c e  by t h e  p l a n e  z = 0 r e p r e s e n t s  a 

r e g u l a r  i n v o l u t e  c u r v e .  Z y u a t i o n s  of t h i s  c u r v e  may be  d e r i v e d  f r o m  

t h e  s u r f i i c a  E q .  ( 4 . 4 . 1 2 ) ,  t a k i n 3  it i n t o  a c c o u n t  t h a t  

1 

* 
up-u = r 6 s i n $  P 1 . P  c e p  = o and  

Thus ,  w e  h a v e  

x 1  = r l [ -+pcos$  C  COS(+^-$^) + 

y1 = r 1 P  [ a  c o s $  C +  COS^^] 

(4.4.13) 

( 4 . 4 . 1 4 )  

I 
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I 

I 

I 

C u t t i n g  t h e  y i n i o n  t o o t h  su r f ace  by a p l a n e  z1 = c o n s t ,  w e  o b t a i n  t h e  

c r o s s - s e c t i o n  of  t h e  p i n i o n  t o o t h  s u r f a c e  t h a t  is d e v i a t e d  f rom a 

r e g u l a r  i n v o l u t e  c u r v e  ( F i g .  4 . 4 . 2 ) .  

I t  w i l l  be shown l a t e r  t h a t  t h e  k i n e m a t i c  errors c a u s e d  by t h e  

y e a r  m i s a l i g n i n e i i t  c a n  be o f  two t y p e s  t h a t  are shown i n  F i g .  1.2a and 

1.Lb. K i n e m a t i c  errors shown i n  F i g .  1.2a c o r r e s p o n d  t o  t h e  case when 

tcie t r a n s f o r m a t i o n  of r o t a t i o n  is i n t e r r u p t e d  and t h e  year  t o o t h  

s u r f a c e s  dre o u t  o f  c o n t a c t .  To a v o i d  t h e  a p p e a r a n c e  of  s u c h  

k i n e m a t i c  e r ro r s ,  a s u r f a c e  of r e v o l u t i o n  t h a t  s l i g h t l y  d e v i a t e s  f rom 

t h e  c o n e  s u r f a c e  is a c t u a l l y  u s e d .  The d e t e r m i n a t i o n  of  c u r v a t u r e s  of 

t h e  s u r f a c e  of r e v o l u t i o n  is a s u b j e c t  of o p t i m i z a t i o n .  S i n c e  a 

s u r f a c e  of  r e v o l u t i o n  is u s e d  i n s t e a d  of  a c o n e  s u r f a c e ,  t h e  c rowned 

p i n i o n  s u r f a c e  d e v i a t e s  f rom a r e g u l a r  i n v o l u t e  s u r f a c e  i n  a l l  cross- 

s e c t i o n s  i n c l u d i n g  z1 = 0, t h e  m i d d l e  c r o s s - s e c t i o n  o f  t h e  t o o t h  

s u r f a c e .  

4.5. Conditions of Pinion Without Undercutting 

General Wproacn 

Tne proulerti o f  u n d e r c u t t i n g  of t h e  p i n i o n  t o o t h  s u r f a c e  by 

c r o w n i n g  is r e l a t e d  w i t h  t h e  a p p e a r a n c e  on t h e  g i n i o n  t o o t h  s u r f a c e  o f  

s i n g u l a r  p o i n t s .  I t  is known froln d i f f e r e n t i a l  g e o m e t r y  t h a t  t h e  

s u r f a c e  p o i n t  is s i n g u l a r  i f  t h e  s u r f a c e  no rma l  is e q u a l  t o  z e r o  a t  

s u c h  a p o i n t .  L i t v i n ,  p r o p o s e d  a method ( L i t v i n ,  1937)  t o  d e t e r m i n e  a 

l i n e  on  t h e  t oo l  s u r f a c e  which  w i l l  g e n e r a t e  s i n g u l a r  p o i n t s  on t h e  

s u r f a c e  tha t  is g e n e r a t e d  by t h e  t oo l .  T h i s  l i n e  d e s i g n a t e d  by L 

( F i y .  4 . 5 . 1 )  mus t  be o u t  of  t h e  work ing  p a r t  o f  t h e  t oo l  s u r f a c e  t o  

a v o i d  u n d e r c u t t i n g  of t h e  p i n i o n  by c r o w n i n g .  

3 3  



The l i m i t i n g  L of the too l  s u r f a c e  is d e t e r m i n e d  by t h e  f o l l o w i n g  

e q u a t i o n s  

( 4 . 5 . 1 )  

I Vector Eq. ( 4 . 5 . 1 )  r e p r e s e n t s  t h e  t o o l  s u r f a c e ,  E q .  ( 4 . 5 . 2 )  is t h e  

e q u a t i o n  of mesh iny  (see E q .  ( 4 . 4 . 3 ) )  and E q .  ( 4 . 5 . 3 )  f o l l o w s  f rom the 

, r e q u i r e m e n t  t h a t  ( L i t v i n ,  1 9 3 7 )  

a f  1 
~ a e p  

a eP 

. -- - -  
d t  

a f  1 

( 4 . 5 . 4 )  
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ikr iva t ion  of Equation 

R e l a t i v e  v e l o c i t y  yc (") is t o  be r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  

bC as:  

( 4 . 5 . 5 )  

wnere yc is the  v e l o c i t y  of t h e  c u t t e r  and xc ( '1  is t h e  v e l o c i t y  of 

t h e  p i n i o n  a t  g e n e r a t i n g  p o i n t .  Us ing  t h e  s k e t c h  i n  F i g .  4 . 2 . 1 ,  we 

( 4 . 5 . 6 )  

- v ( l )  = x r  + ~ ~ ~ ~ x g ~  
-C ZP -C 

( 4 . 5 . 7 )  

f i e r i v i n g  Eq. ( 4 . 5 . 7 )  w e  s u b s t i t u t e d  t h e  s l i d i n g  v e c t o r  ep t h a t  passes  

t h r o u g h  u l  by t h e  e q u a l  v e c t o r  t n a t  p a s s e s  t h r o u g h  0, and t h e  vector-  
- 

I n o l n e n t  u il X E P .  c 1  
tlere : 

E q u a t i o n s  from ( 4 . 5 . 6 )  t o  ( 4 . 5 . 8 )  y i e l d  

35 

( 4 . 5 . 8 )  



( 4 . 5 . 9 )  

where  x:') and yc a r e  r e p r e s e n t e d  by e q u a t i o n s  ( 4 . 3 . 8 ) .  E q u a t i o n s  

( 4 . 3 . ~ ) ~  ( 4 . 3 . d ) ,  ( 4 . 4 . 3 )  and  ( 4 . 5 . 4 )  y i e l d  

( 4 . 5 . 1 0 )  

Here 

* 
u cos+ P C 

p = C Z s T  

lnl = s i n a s i n ( a - +  )cos8  + c o s a c o s ( a - +  
C P C 

3 
P m = s i n a c o s ( a - ~ ) ~ )  - c o s r s i n ( a - +  )cos  e L C 

3 m = [ s i n a c o s ( a - +  ) - c o s a s i n ( a - $ c ) ~ ~ ~ 9 p ]  3 C 

2 
P m = s i n a c o s a s i n  9 4 

r COSa 1 m =- - -  
5 cl 

f 0 ,  w e  Us iny  E q .  ( 4 . 5 . l G )  dnd t a k i n g  it i n t o  a c c o u n t  t h a t  - a F  1 
a eP 

c a n  represent  u a s  f u n c t i o n  ( e p ) .  U n d e r c u t t i n g  w i l l  be  a v o i d e d  i f  P 

3 6  



u p (  e,) 

mesh. Then t h e  p r i n c i p a l  c u r v a t u r e s  and d i r e c t i o n s  of t h e  g e n e r a t e d  

s u r f  ace c1 can be e x p r e s s e d  i n  t e r m s  of p r i n c i p a l  c u r v a t u r e s  and 

> d 
COS a ( 4 . 5 . 1 1 )  

The a n a l y s i s  of  d q .  ( 4 . 5 . 1 0 )  y i e l d s  t h a t  i n e q u a l i t y  ( 4 . 5 . 1 1 )  is  I 
I , s a t i s f i e d  i f  t h e  c o n d i t i o n s  o f  n o n - u n d e r c u t t i n g  of t h e  p i n i o n  

' g e n e r a t e d  by a r e g u l a r  rack c u t t e r  are  s a t i s f i e d .  

4.6 .  Pr inc ipa l  D irec t ions  and Curvatures of Tooth Surfaces 

Introduction to Pinion Pr inc ipa l  D irec t ions  and Curvatures 

I The d i r e c t  d e t e r m i n a t i o n  o f  p i n i o n  p r i n c i p a l  d i r e c t i o n s  and  

c u r v a t u r e s  r e q u i r e s  c o m p l i c a t e d  d e r i v a t i o n s .  A s i m p l i f i e d  a p p r o a c h  

1 f o r  t h e  s o l u t i o n  t o  t h i s  p r o b l e m  h a s  been  p r o p o s e d  by L i t v i n ,  i n  

I 1Yu;r. The main  idea is as f o l l o w s :  

P 
Princ ipa l  Curvatures and Direc t ions  of C 

The too l  s u r f a c e  is a c o n e  s u r f a c e  and i ts  p r i n c i p a l  d i r e c t i o n s  

c o i n c i d e  w i t h  t h e  d i r e c t i o n  of  t h e  c o n e  g e n e r a t r i x  and t h e  d i r e c t i o n  

t h a t  is p e r p e n d i c u l a r  t o  t h e  c o n e  g e n e r a t r i x .  The R o d r i g u e s '  f o r m u l a  

( E q .  4. (5 .1)  c a n  be u s e d  t o  f i n d  t h e  2 r i n c i p a l  c u r v a t u r e s  and  
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d i r e c t i o n s .  

( 4 . 6 . 1 )  

a re  t h e  p r i n c i p a l  c u r v a t u r e s  of  s u r f a c e .  V is t h e  v e l o -  Here: K 

c i t y  o f  a p o i n t  t h a t  moves o v e r  a s u r f a c e  and  fir is t h e  d e r i v a t i v e  of 

t h e  s u r f a c e  u n i t  n o r m a l  n ,  when n c h a n g e s  i ts  d i r e c t i o n  d u e  t o  t h e  

m o t i o n  o v e r  t h e  s u r f a c e .  

I f 1 1  Nr 

N N 

E q u a t i o n  ( 4 . 0 . 1 )  y i e l d s  t h e  f o l l o w i n g  e x p r e s s i o n s  f o r  t h e  

d r i n c i p a l  c u r v a t u r e s  and  d i r e c t i o n s  (see Eq. ( 4 . 3 . 1 )  f o r  t h e  t o o l  c o n e  

s u r f d c e  C p  r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  Sa) 

1 s i n e  s i n a  J P 

( 4 . 6 . 2 )  

( 4 . 6 . 3 )  

( 4 . 6 . 4 )  

( 4 . 6 . 5 )  

I 'Tile n e y a t i v e  s i g n  f o r  K~ i n d i c a t e s  t h a t  t h e  c u r v a t u r e  c e n t e r  is 

located on tlie n e y a t i v e  d i r e c t i o n  of t h e  s u r f a c e  n o r m a l .  

The p r i n c i p a l  c u r v a t u r e s  are  i n v a r i a n t s  w i t h  respect  t o  t h e  u s e d  



c o o r d i n a t e  s y s t e m .  The u n i t  v e c t o r s  of  t h e  p r i n c i p a l  d i r e c t i o n s ,  

amd may be r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  Sf by u s i n g  t h e  
I $1 

f o l l o w i n g  m a t r i x  e q u a t i o n  

cose s i n a c o s ( a - $  ) - c o s a s i n ( a - $ c )  

- c o ~ e ~ s i n a s i n ( a - $ ~ )  - c o S a c o S ( a - + c )  

P C 
( P I  = 

( 4 . 6 . 6 )  

] are v e c t o r s  r e p r e s e n t e d  i n  Sa a n d  S f ,  Here: i e I , I I  a and Le1,11 f 
( P I  

I 

r e s p e c t i v e l y ;  m a t r i x  [Lea] is r e p r e s e n t e d  by E q .  ( 4 . 3 . 1 0 ) ;  m a t r i x  I L L f c l  is t h e  3x3 u n i t a r y  m a t r i x  (see m a t r i x  E q .  ( 4 . 4 . 8 ) ) .  

1 E q u a t i o n  ( 4 . 6 . 6 )  y i e l d s  

( 4 . 6 . 7 )  

( 4 . 6 . 8 )  

: P r i n c i p a l  Curvatures and D i r e c t i o n s  of Pinion Tooth Surface 

The d e t e r m i n a t i o n  of p r i n c i p a l  c u r v a t u r e s  and  d i r e c t i o n s  f o r  t h e  

p i n i o n  t o o t h  s u r f a c e  is b a s e d  on  t h e  f o l l o w i n g  e q u a t i o n s  (see L i t v i n ,  
, 

( 4 . 6 . 9 )  
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J J  

7 7 

( 4 . 6 . 1 0 )  

( 4 . 6 . 1 1 )  

Here: K~ a n d  K~~ a re  t h e  p r i n c i p a l  c u r v a t u r e s  of t h e  t oo l  s u r f a c e  

(') are  t h e  u n i t  v e c t o r s  of  t h e  p r i n c i p a l  d i r e c t i o n s  on ( P I  
c p ;  Ne1 and %I 

c P  a re  t h e  F r i n c i p a l  (1) (1) 
a n d  K~~ I and E11 

(1) 
KI ( F i g .  4 . 6 . 1 ) ;  

1 ( P I )  is c u r v a t u r e s  and d i r e c t i o n s  on t h e  p i n i o n  t o o t h  s u r f a c e  c l ;  and  g. 

measured  c o u n t e r c l o c k w i s e  f r o m  

c o e f f i c i e n t s  b13 ,  b23  and  533 h a v e  b e e n  d e r i v e d  f rom e q u a t i o n s  

r e p r e s e n t e d  i n  [ L i t v i n  19871 b u t  m o d i f i e d  f o r  the case when a rack 

( P )  ( ' )  ( F i g .  4 . 6 . 1 ) .  The to 21 

I c u t t e r  g e n e r a t e s  a g e a r .  The e x p r e s s i o n s  fo r  b13r b 2 3  and  b 3 3  a r e  as 

I f o l l o w s  

( 4 . 6 . 1 3 )  

r l u P  where  rn = - = - 

The v e c t o r s  t h a t  a r e  used  i n  E q s .  ( 4 . 6 . 1 2 )  and  ( 4 . 6 . 1 3 )  a re  
s 9 1P 

r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  Sf ( F i g .  4 . 2 . 1 ) ;  i f ,  Jf ' and kf a r e  
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Lne u n i t  v e c t o r s  of c o o r d i n a t e  a x e s  of s y s t e m  S f .  The e x p r e s s i o n s  of 

tliese v e c t o r s  are  as  f o l l o w s  

w =  "kf ( 4 . 6 . 1 4 )  
-I? 

is  t h e  a n g u l a r  v e l o c i t y  of  t h e  p i n i o n  b e i n g  i n  mesh w i t h  t h e  r a c k  

c u t t e r  

(4.6.15) 

is  t h e  t r a n s f e r  v e l o c i t y  of a p o i n t  of t h e  r a c k  c u t t e r  t h a t  p e r f o r m s  

t r a n s l a t i o n a l  m o t i o n ;  r l  is t h e  r a d i u s  of t h e  p i n i o n  c e n t r o d e  

i j k 

0 0 w 

X f  Yf Z f  

( 4 . 6 . 1 6 )  

is  t h e  t r a n s f e r  v e l o c i t y  of  t h e  p i n i o n .  The term, " t r a n s f e r  v e l o c i t y "  

means t h a t  t h e  v e l o c i t y  of  a p o i n t  t h a t  is r i g i d l y  c o n n e c t e d  t o  t h e  

too th  s u r f a c e  is c o n s i d e r e d .  Such a p o i n t  p e r f o r m s  t h e  m o t i o n  w i t h  

t h e  t o o t h  s u r f a c e  

( 4 . 6 . 1 7 )  

is tile " s l i d i n g "  v e l o c i t y - - t h e  v e l o c i t y  of a p o i n t  of  t h e  r a c k  c u t t e r  

41 



d i t h  respect t o  tiie same $oilit o f  t h e  p i n i o n .  Vector V (") c a n  be 

r e p r e s e i i t e d  i n  t e r m  of c o m p o n e n t s  xc and  yc u s i n g  m a t r i x  E q .  ( 4 . 4 . 8 )  

t h a t  descr ibes  the c o o r d i n a t e  t r a n s f o r m a t i o n  f rom Sc t o  S f .  Then  w e  

o b t a i n  

~ 

N 

- x f = x  C - r l O P  Y f  - Y c  + r1 ( 4 .  G. 1 8 )  

E q u a t i o n s  ( 4 . 6 . 1 7 )  and  ( 4 . 6 . 1 8 )  y i e l d  

( 4 . 6 . 1 9 )  

The  2 r i n c i r a l  c u r v a t u r e s  of t h e  c o n e  t h a t  is r i g i d l y  c o n n e c t e d  t o  t h e  

r a c k  c u t t e r  are r e g r e s e n t e d  a s  
I 

( 4 . 6 . 2 0 )  

'The u n i t  v e c t o r s  o f  p r i n c i p a l  d i r e c t i o n s  are d e s i g n a t e d  by 

e ('1 a n d  .:I;". Components  vI (") and  V I I  (") a re  r e p r e s e n t e d  as f o l l o w s  -I 

A f t e r  s m s t i t u t i o n  w e  o b t a i n  

* 
r O  

P P 
P C O S  2 a + P c o s a s i n ( a - ~ c ) ~  

U P w s i n e  

s l n a  
- 

b13 - - [1 - u 

( 4 . 6 . 2 1 )  

( 4 . 6 . 2 2 )  
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I b23 = - oCOSOp 

Then we obtain the following expressions for the pinion principal 

curvatures and directions 
I 

D. = u2(k +k +k +k ) 
3 3  1 2 3 4  

where 

I 
1 kl P P P 

* = u sin 2 e cosasina - u sinacosa(l-cosep) 

1 

k2 = r $ [cosepcosacos(a-$,) + sinasin(a-$ 1 1  1 P  C 

k3 = rlIcose P cosasin(a-$ C ) - sinacos(a-$c)] 

( 4 . 6 . 2 3 )  

(4.6.24) 

( 4 . 6 . 2 5 )  

( 4 . 6 . 2 6 )  

(4 .G. 27) 

(4.6.28) 

I For tne contact point located in the middle section of the pinion we 

have e p  = 0 arid 

I 2 I 

b13 = 0 b23  = w b33  = w [r 1 P  $ cos+c-rlsin$ C ] ( 4 . 6 . 2 9 )  
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( 4 . 6 . 3 0 )  

The  p r i n c i p l e  c u r v a t u r e  K~~ ( ' )  is t h e  same as  t h e  p r i n c i p a l  c u r v a t u r e  

of a r e y u l a r  i n v o l u t e  s u r f a c e .  However K~ ( '1 d i f f e r s  f r o m  z e r o  

b e c a u s e  t h e  p i n i o n  is g e n e r a t e d  by a cone  b u t  n o t  a p l a n e  as  i n  t h e  

case of a r e g u l a r  i n v o l u t e  s u r f a c e .  

Gear PriiiciDal Curvatures and Directions 

T h e  d e t e r m i n a t i o n  o f  t h e  g e a r  p r i n c i p a l  c u r v a t u r e s  is based o n  

t h e  r e l a t i o n  b e t w e e n  t h e  p r i n c i p a l  c u r v a t u r e s  f o r  s p u r  i n v o l u t e  

yea r s .  F i g u r e  4.6.2 shows t h a t  two m a t i n g  i n v o l u t e  s h a p e s  a re  i n  

t a r iyency  a t  p o i n t  i.1. L e t  u s  d e s i y n a t e  t h e  p r i n c i p a l  c u r v a t u r e  f o r  t h e  

p i n i o n  by K~ a n d  K!') where  (see E q .  4 . 6 . 2 9 )  11 

1 
r 1s i n J, -r apcos J , ~  

(1 )  = - -- 
C 

I1 K ( 4 . 6 . 3 1 )  

The n e g a t i v e  s i g n  of K~ and K~~ means t h a t  t h e  r a d i i  o f  c u r v a t u r e s  

a r e  oGposite t o  t h e  d i r e c t i o n  o f  t h e  s u r f a c e  n o r m a l .  The p r i n c i p a l  

gear c u r v a t u r e  K~ ( 2 )  = 0. The r a d i i  o f  c u r v a t u r e  o f  s p u r  i n v o l u t e  gears  

-&- 

(1) = - 1 
r s i n +  -r 4 cosq a re  r e l a t e d  as f o l l o w s  ( F i g .  4 . 6 . 2 )  where  K~~ 

1 c 1 P  C 

( 4 . 6 . 3 2 )  
I 
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Then w e  o b t a i n  

( 4 . 6 . 3 3 )  

1 The a n g l e  u ( 2 1 )  b e t w e e n  t h e  p r i n c i p a l  c u r v a t u r e s  is e q u a l  t o  z e r o .  
I 

I 4.7. Contact Ellipse and Bearing Contact 
I 
I The d i m e n s i o n s  a n d  o r i e n t a t i o n  o f  t h e  i n s t a n t a n e o u s  c o n t a c t  

e l l i g s e  c a n  be d e t e r m i n e d  on  t h e  b a s i s  of e q u a t i o n s  t h a t  h a v e  b e e n  

I d e v e l o p e d  by L i t v i n  ( L i t v i n  e t  a l .  1982 ,  and  L i t v i n  1 9 8 7 ) .  The i n p u t  ’ d a t a  f o r  t h e  c o m p u t a t i o n  is: K~ ( i )  , K~~ ( i )  ( i = 1 , 2 )  .(12) and  E where  

( i )  and  K~~ ( i )  are t h e  p r i n c i p a l  c u r v a t u r e s ,  0 (I2) is t h e  a n g l e  fo rmed  

and e I  ( 2 )  a n d  E is 

~ 

i K I  

j by t h e  u n i t  v e c t o r s  o f  p r i n c i p a l  d i r e c t i o n s ,  

t h e  e l a s t i c  d e f o r m a t i o n  of  t h e  c o n t a c t i n g  s u r f a c e s  a t  c o n t a c t  p o i n t .  

The b e a r i n g  c o n t a c t  is fo rmed  by t h e  se t  o f  i n s t a n t a n e o u s  c o n t a c t  
I 

e l l i p s e s  t h a t  move o v e r  t h e  g e a r  t o o t h  s u r f a c e s  i n  t h e  p r o c e s s  of 

m e s h i n g .  I n  o u r  case,  when t h e  c rowned p i n i o n  is m e s h i n g  w i t h  a g e a r  

w i t h o u t  m i s a l i g n m e n t ,  CT (I2) = 0 ( F i g .  4 . 7 . 1 ) .  The 

a x e s  of t h e  c o n t a c t  e l l i p s e  are  d i r e c t e d  a l o n g  t h e  n - a x i s  a n d  

6 - a x i s  , r e s p e c t i v e l y .  G e n e r a l l y  t h e  o r i e n t a t i o n  of t h e  c o n t a c t  

e l l i p s e  is d e t e r m i n e d  w i t h  t h e  a n g l e  al. I n  t h e  case where 

( l )  = e ( 2 )  and 
-1 

(12)  = 0 ,  a is e q u a l  t o  z e r o .  The e q u a t i o n s  t o  be u s e d  f o r  t h e  1 

c o m p u t a t i o n  are as f o l l o w s  

U 
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( 4 . 7 . 2 )  

, where 

* E 1 / 2  * E 1 / 2  
a = 1x1 = 181 

( 4 . 7 . 3 )  

( 4 . 7 . 4 )  

( 4 . 7 . 5 )  

T h e  e q u a t i o n s  f o r  K~ ( i )  and  K~~ ( ( i=l , 2 ,  ) h a v e  b e e n  r e p r e s e n t e d  i n  

S e c t i o n  4 .6 .  F i g u r e  4 .7 .2  i l l u s t r a t e s  t h e  b e a r i n g  c o n t a c t  f o r  s p u r  

years  w i t h  t h e  c rowned p i n i o n  t o o t h  s u r f a c e .  

4.6. Simulation of Meshing and Determination of Kinematical Errors 

Coordinate Systems 

Tne s i r n u l a t i o n  of mesn iny  is a p a r t  of  t h e  c o m p u t e r  a i d e d  TCA 

program d e v e l o p e d  by t h e  a u t h o r s .  The s i m u l a t i o n  of mesh ing  is b a s e d  

a n  e q u a t i o n s  t h a t  p r o v i d e  t h e  c o n t i n u o u s  t a n g e n c y  of c o n t a c t i n g  

s u r f  aces.  

H e n c e f o r t h  w e  w i l l  u s e  t h e  f o l l o w i n g  c o o r d i n a t e  s y s t e m s :  ( i )  Sf 

t h a t  is  r i g i d l y  c o n n e c t e d  t o  t h e  f r a m e  and  ( i i )  a n  a u x i l i a r y  

c o o r d i n a t e  s y s t e m  s h  t h a t  is a l so  r i g i d l y  c o n n e c t e d  t o  t h e  f r a m e ,  and 

( i i i )  s y s t e m s  S1 and S 2  t h a t  are r i g i d l y  c o n n e c t e d  t o  t h e  p i n i o n  and  

t h e  g e a r ,  r e s p e c t i v e l y .  The o r i g i n s  and c o o r d i n a t e s  a x e s  zf  and z1 o f  

c o o r d i n a t e  s y s t e m  Sf and S1 c o i n c i d e  w i t h  e a c h  o t h e r  ( F i g .  4 . 8 . l a ) .  
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A x i s  zf is t h e  a x i s  of r o t a t i o n  of t h e  p i n i o n .  A l s o ,  t h e  o r i g i n s  and 

c o o r d i n a t e  axes Zh and z 2  c o i n c i d e  w i t h  e a c h  o t h e r  and Zh is t h e  a x i s  

of g e a r  r o t a t i o n  ( F i g .  4 . 8 . l b ) .  The e r r o r s  of a s s e m b l y  of t h e  y e a r s  

are  s i m u l a t e d  w i t n  t h e  o r i e n t a t i o n  and l oca t ion  of c o o r d i n a t e  s y s t e m  

S, ,  w i t n  r e s p e c t  t o  S f .  F i g u r e  4 .8 .2  shows t h e  o r i e n t a t i o n  

( a >  The g e a r  a x e s  are c r o s s e d  ( F i g .  4 .8 .2a )  

u -1 0 C 

s i n A y  0 COSAy 0 

0 0 1.1 

(b) The g e a r  axes are i n t e r s e c t e d  ( F i g .  4 .3 .2b )  

[ M  j = f h  

( 4 . 5 . 1 )  

( 4 . 8 . 2 )  

Pinion Tooth Surf ace Equations 

?'he g i n i o n  t o o t h  s u r f a c e  h a s  b e e n  r e 2 r e s e n t e d  i n  c o o r d i n a t e  

s y s t e m  S1 by Ey. ( 4 . 4 . 1 2 ) . T h e  c o o r d i n a t e  t r a n s f o r m a t i o n  fo rm S 1  t o  Sf 

is r e p r e s e n t e d  as f o l l o w s  

Here 

( 4 . 8 . 3 )  
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cos $ 1 s i n $ l  0 0 

0 0  1 - s i n a l  cos4 f l  

0 1 0  

1 0  0 0 1  

( 4 . 8 . 4 )  

where $1 is t n e  a n g l e  o f  r o t a t i o n  o f  t h e  p i n i o n  b e i n g  i n  mesh w i t h  t h e  

gear .  

E q u a t i o n  ( 4 . 4 . 1 2 )  r e p r e s e n r  t h e  p i n i o n  t o o t h  s u r f a c e  i n  a t h r e e -  

gararnetric form i n  terms of p a r a m e t e r s  u p ,  e p  and $p where $p is t h e  

a n g l e  of  r o t a t i o n  of t h e  p i n i o n  b e i n g  i n  mesh w i t h  t h e  coned  c u t t e r .  

Thtcse parameters are r e l a t ed  by t h e  e q u a t i o n  of mesh ing  and o n l y  t w o  

o f  them are i n d e p e n d e n t .  I t  is e a s y  t o  e l i m i n a t e  parameter u p  and  

r e d r e s e n t  the p i n i o n  t oo th  s u r f a c e  i n  S 1  i n  t h e  two-parametric fo rm.  

Thus :  

( 4 . 8 . 5 )  

I where 9, a n d  B p  s e r v e  as  t h e  s u r f a c e  parameters.  The p i n i o n  t o o t h  

s u r f a c e  u n i t  no rma l  c a n  be r e p r e s e n t e d  i n  c o o r d i n a t e  s y s t e m  Sf as  

Ti le  3x3 m a t r i x  [ L f l J  c a n  be d e v e l o p e d  f rom [[If1] by e l i m i n a t i n g  t h e  

l a s t  row and  t h e  l a s t  co lumn.  The s u r f a c e  u n i t  n o r m a l ,  zl, is 

r e L J r e s e n t e d  i n  S1 by t h e  f o l l o w i n y  m a t r i x  e q u a t i o n  

( 4 . 8 . 7 )  
I 
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dere: i~~ (') is r e p r e s e n t e d  by Eys. ( 4 . 3 . 1 1 ) ,  [ L f c ]  is t h e  3x3 u n i t a r y  

I m a t r i x  and [ L l f ]  is t h e  3 x 3 s u b m a t r i x  of  m a t r i x  [Mlf] g i v e n  by Ey. 

( 4 . 4 . 1 1 ) .  

Tne f i n a l  e x p r e s s i o n  f o r  n ( ' 1  is as f o l l o w s  Nf 

because t h e  e l e m e n t s  o f  t h e s e  matrices are e x p r e s s e d  i n  d i f f e r e n t  

t e r m  - +p  and $1 
I 

( 4 . 3 . 8 )  

I similar t o  E q .  ( 4 . 4 . 1 4 )  
I 
t 

, 
I y 2  = r 2 G  [ +  cos$ C s i n ( + G - q J c )  + 

z 2  = h ( 4 . 8 . 3 )  

I where +G is t h e  a n g l e  of  r o t a t i o n  of  t h e  g e a r  b e i n g  i n  mesh w i t h  t h e  

rack c u t t e r .  The year  t o o t h  s u r f a c e  u n i t  no rma l  is r e p r e s e n t e d  by t h e  
I 

I 
e q u a t i o n s  

E q u a t i o n s  (4 .8 .9 )  and (4 . .&.10)  y i e l d  
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Ln 2i  
( 4 . 3 . 1 1 )  

T o  r e p r e s e n t  t n e  year  t o o t h  s u r f a c e  and  its u n i t  no rma l  i n  

c o o r d i n a t e  s y s t e m  s h  w e  u s e  t h e  f o l l o w i n g  m a t r i x  e q u a t i o n s  ( F i g .  

4.3 .2)  

( 4 .8 .12 )  

( 4 . 8 . 1 3 )  

where $, is t h e  a n g l e  of r o t a t i o n  of  t h e  g e a r  b e i n g  i n  mesh w i t h  t h e  

p i n i o n .  E q u a t i o n s  ( 4 . 3 . 9 1 ,  ( 4 . 3 . 1 1 1 ,  (4 .G .12)  and ( 4 . 3 . 1 3 )  y i e l d  

( 4 . 8 . 1 4 )  

( ( 4 . 3 . 1 5 )  
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T h e s e  e q u a t i o n s  w i t h  p a r a m e t e r s  + 2  - - +c = 0 ,  z k 2 ’  = A = 0 d e t e r m i n e  

p o i n t  PI w i t h  c o o r d i n a t e s  ( 0 ,  r 2 ,  0 )  and t h e  s u r f a c e  u n i t  no rma l  a t  PI 

w i t h  cornponents   COS+^, - s i n +  , 0 )  ( F i g .  4 . 8 . 3 ) .  
C 

To  d e t e r m i n e  t h e  y e a r  t o o t h  s u r f a c e  e q u a t i o n s  and t h e  s u r f a c e  

u n i t  no rma l  i n  c o o r d i n a t e  s y s t e m  Sf w e  u s e  t h e  f o l l o w i n g  m a t r i x  

e q u a t i o n s  

M a t r i x  [ M f h ]  ( see  E q s .  ( 4 . 6 . 1 )  and ( 4 . d . 2 ) )  d e s c r i b e s  t h e  c o o r d i n a t e  

t r a n s f o r m a t i o n  f rom Sh t o  Sf to r  t h e  case where t h e  y e a r  is m i s a l i g n e d  

w i t i i  r e s p e c t  t o  t h e  p i n i o n .  F i y u r e  4 . 8 . 4  i l l u s t r a t e s  t h e  case where 

t h e  g e a r s  are n o t  m i s a l i g n e d ,  the  s h o r t e s t  d i s t a n c e  of  y e a r  a x e s  

C = rl + r2  and t h e  t o o t h  s u r f a c e s  of t h e  p i n i o n  and t h e  g e a r  c o n t a c t  

e a c h  o ther  a t  p o i n t  M. The m i s a l i g n m e n t  of  t h e  g e a r  w i l l  n o t  c a u s e  

t h e  s u r f a c e  c o n t a c t  a t  t h e  t o o t h  edge  s i n c e  t h e  p i n i o n  t o o t h  s u r f a c e  

is crowned and d e v i a t e s  f rom a r e g u l a r  i n v o l u t e  s u r f a c e .  

Equation of Tanqency 

The c o n t a c t  of  g e a r  t o o t h  s u r f a c e s  is s i m u l a t e d  i n  t h e  d e v e l o p e d  

TCH p rogram by t h e  f o l l o w i n g  e q u a t i o n s  

( 4 . 8 . 1 7 )  

( 4 . 8 . 1 8 )  

A t  t n e  c o n t a c t  g o i n t  v e c t o r  Eq. ( 4 . 8 . 1 7 )  p r o v i d e s  t h e  e q u a l i t y  of  

5 1  



p o s i t i o n  v e c t o r s  and v e c t o r  Eq. ( 4 . 8 . 1 8 )  p r o v i d e s  t h e  e q u a l i t y  of  

s u r f a c e  u n i t  n o r m a l s .  Vector Eq. ( 4 . 8 . 1 7 )  p r o v i d e s  t h r e e  i n d e p e n d e n t  

s c a l a r  e q u a t i o n s  t h a t  r e l a t e  $ p , e p , $ l ,  A a n d  a2. However,  v e c t o r  

Eq. ( 4 . 8 . 1 8 )  p r o v i d e s  o n l y  t w o  i n d e p e n d e n t  s c a l a r  e q u a t i o n s  s i n c e  

n and  Ef ( 2 )  are  u n i t  v e c t o r s  and 1rl1')I = l c ~ ~ ) I  = 1. Thus Eqs.  -f 

~ ( 4 . 8 . 1 7 )  and ( 4 . 8 . 1 8 )  y i e l d  f i v e  i n d e p e n d e n t  sca la r  e q u a t i o n s  as 

f o l l o w s  

f i ( $ p p ' e p , $ l , $ G , ~ r $ 2 )  = 0 ( i= l ,  2 , .  .., 5 )  ( 4 . 8 . 1 9 )  

E q u a t i o n  s y s t e m  ( 4 . 8 . 1 9 )  is t h e  e x p r e s s i o n  i n  i m p l i c i t  f o r m  o f  

f u n c t i o n s  of o n e  v a r i a b l e ,  f o r  i n s t a n c e  of The Theorem of I m p l i c i t  

F u n c t i o n  Sys t em E x i s t e n c e  s t a t e s :  
I 

( i )  C o n s i d e r  t h a t  a s e t  of  p a r a m e t e r s  

I s a t i s f i e s  E q .  ( 4 . 8 . 1 9 )  and t h a t  t h e  J a c o b i a n  

( 4 . 3 . 2 0 )  

( 4 . 8 . 2 1 )  

( t h e  p a r t i a l  d e r i v a t i v e s  a r e  t a k e n  a t  p o i n t  PO). 

( i i )  Then,  e q u a t i o n  s y s t e m  ( 4 . 8 . 1 9 )  c a n  b e  s o l v e d  i n  t h e  

n e i g h b o r h o o d  of  p o i n t  Po by f u n c t i o n s  
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Tne d e s i g n a t i o n  C1 means t h a t  t h e  f u n c t i o n s  h a v e  c o n t i n u o u s  

d e r i v a t i v e s  a t  l e a s t  of  t h e  f i r s t  o r d e r .  Knowing f u n c t i o n  $ * (  $1), w e  

c a n  d e t e r m i n e  t h e  f u n c t i o n  of k i n e m a t i c a l  errors  

4.9 

t3asic Relations 

Hodification of Generating Surface C p  

( 4 . 3 . 2 3 )  

T h e  Qroposed  method of  c rowning  p r o v i d e s  c o n j u g a t e d  y e a r  too th  

s u r f a c e s  and a l o c a l i z e d  b e a r i n g  c o n t a c t .  Us ing  t h e  TCA p rogram it 

c d n  be  p r o v e n  t h a t  t h e  k i n e m a t i c a l  errors c a u s e d  by t h e  g e a r  

m i s a l i g n m e n t  a re  on  a v e r y  low l e v e l .  However,  t h e  s h a p e  o f  t h e  

f u n c t i o n  of  k i n e m a t i c  errors is u n f a v o r a b l e ,  s i m i l a r  t o  t h e  s h a p e  t h a t  

nas been  r e p r e s e n t e d  i n  F i g .  1.2a. T h i s  d i s a d v a n t a g e  c a n  be a v o i d e d  

by t h e  m o d i f i c a t i o n  of  g e n e r a t i n g  s u r f a c e  C p .  The a u t h o r s  p r o p o s e d  t o  

u s e  a s u r f a c e  of  r e v o l u t i o n  i n s t e a d  of  a cone  s u r f a c e .  F i g u r e  4 . 9 . 1  

shows the  a x i a l  s e c t i o n  of g e n e r a t i n g  s u r f a c e  C p  t h a t  is a n  a rc  of t h e  

c i r c l e  of r a d i u s  p .  C o n t r o l l i n g  t h e  m a y n i t u d e  of p ,  w e  c a n  p r o v i d e  t h e  

k a v o r a b l e  snape of t h e  f u n c t i o n  of k i n e m a t i c a l  errors ( F i g .  1.2b) and  

a l s o  c o n t r o l  t n e  l e v e l  of  k i n e m a t i c a l  errors. The s o l u t i o n  t o  t h i s  

groblern is based on the r e l a t i o n  be tween  t h e  p r i n c i p a l  c u r v a t u r e s  and  

d i r e c t i o n s  f o r  t h e  c o n t a c t i n g  s u r f a c e s  and the d e r i v a t i v e  

 IT^^^ $1) ) . T h i s  r e l a t i o n  ( L i t v i n ,  1 9 8 7 )  is r e p r e s e n t e d  a s  d ln’ = - 
21  d $ l  

f o l l o w s  
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= o  ( 4 . 9 . 1 )  

Consider that the tooth surfaces of a crowned pinion and a gear are in 

contact at point PI that coincides with the instantaneous center of 

rotation (Fig. 4 .8 .4 ) .  It is assumed that the gears are not 

misaligned. In this case the coefficients of determinant (4.9.1) are 

exdresseu as Ir'ollows I 

( 4 . 9 . 2 )  

where 

Equations (4.3.11)' ( 4 . 6 . 2 ) '  (4.6.9) with e P  = 0 yield (see Fig. 8 . 4 )  

5 4  



dliere N1 and N 2  are  t h e  number of  t e e t h  of t h e  p i n i o n  and g e a r  

R-f = ( r l+ r2 ) i f  

where r l  and  r 2  are  t h e  r a d i i  of t h e  p i t c h  c i r c l e s  

a u b s r i t u t i n y  Eqs. ( 4 . 9 . 3 )  i n t o  Ey. ( 4 . 9 . 2 ) ,  we o b t a i n  

= o  b13  
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( 4 . 9 . 4 )  

E q u a t i o n s  ( 4 . 9 . 1 )  and  ( 4 . 9 . 4 )  y i e l d  t h e  f o l l o w i n g  r e l a t i o n  be tween  t h e  

a e r i v a t i v e  in;l and  t h e  S r i n c i Q a l  c u r v a t u r e s  

Here (see Eys.  ( 4 . 6 . 3 1 )  and  ( 4 . 6 . 3 2 ) )  

( P I  
KII 

i ( l+-)  --- - 

14 Ld 

zi Cd 
in’ = ( - t a n $ ,  ----’ 

f J  1 1 ( W ]  
KI I Id.) r , s i n $ _  

( 4 . 9 . 5 )  

( 4 . 9 . 6 )  

( 4 . 9 . 7 )  

riere ( F i g .  4 . 9 . 1 )  

where  p is t h e  r a d i u s  of t h e  a r c  c i r c l e  t h a t  g e n e r a t e s  t h e  s u r f a c e  o f  

r e v o l u t i o n .  



i 

i 

'There are two i m p o r t a n t  p a r t i c u l a r  cases f o r  t h e  a p p l i c a t i o n  of  

E q .  (4 .5 .7 )  (1)  T h e  g e n e r a t i n g  s u r f a c e  c p  is a c o n e .  C o n s i d e r i n g  

t h a t  p + and t h e  y e n e r a t i n g  s u r f a c e  becomes a c o n e ,  w e  o b t a i n  t h a t  

rn' = C, i f  t h e  y e a r s  are  n o t  m i s a l i g n e d .  I n  t h i s  case,  when 

m i s a l i y m e n t  e x i s t s ,  k i n e m a t i c  errors w i l l  occur as  shown i n  F i g .  1.2a 

wnich  are v e r y  u n d e r s i r a b l e .  ( i i )  The g e n e r a t i n g  s u r f a c e  c p  is a 

21 

1 
P 

r e v o l u t e  s u r f a c e ,  p is p o s i t i v e ,  K : : )  < 0 (IK;:)~ = -) and  

m' < 0 ( m i l  is t a k e n  a t  p o i n t  M ) .  Then t h e  f u n c t i o n  o f  k i n e m a t i c  

errors w i l l  be s imi l a r  t o  t h a t  as shown i n  F i g .  1.2b e v e n  when t h e  

2 1  

yea r s  are  n o t  a l i g n e d .  I t  w i l l  be  shown below t h a t  by c h o o s i n g  a n  

a p p r o p r i a t e  v a l u e  f o r  p it  is p o s s i b l e  t o  keep  t h e  k i n e m a t i c a l  errors 

of  m i s a l i g n e d  yea r s  on a v e r y  l o w  l e v e l .  

Surface of Revolution Equations I 

The s u r f a c e  of r e v o l u t i o n  is g e n e r a t e d  by an  a r c  of c i r c l e  of  

r a d i u s  p .  The a rc  p a r a m e t e r s  p r o v i d e  a common n o r m a l  f o r  t h e  c o n e  

s u r f a c e  and the s u r f a c e  of  r e v o l u t i o n  a t  t h e i r  p o i n t  of  t a n g e n c y  M 

( F i g .  4 .9 .Za ) .  The c i r c u l a r  a rc  is e x p r e s s e d  i n  t h e  a u x i l i a r y  

coordinate system Se as f o l l o w s  

* 
x = p [ c o s ( a + ~ ) - C o s a ]  + UpSina  

= u s i n a  - 2 p s i n  ( a + )  

e 

8 * 
P 

= p [ s i n ( a + B )  - s i n a l  + --- cosa 
Ye cos JIc 

- - b C O S a  + 2ps in-  R c o s ( a 3 )  i3 
2 

C 
cos q J  

z = o  e ( 4 . 9 . 3 )  
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Trie u n i t  no rma l  t o  t h e  a r c  a t  p o i n t  M is a l s o  t h e  no rma l  t o  t h e  c o n e  

s u r f a c e  arid s u r f a c e  r e v o l u t i o n  a t  t h i s  p o i n t  and it c a n  be  e x p r e s s e d  

a s  f o l l o w s  

i cos ( 4 . 9 . 1 0 )  

The s u r f a c e  o f  r e v o l u t i o n  is  g e n e r a t e d  by r o t a t i o n  o f  t h e  

c i r c u l a r  a rc  a b o u t  t h e  y e - a x i s  and may be r e p r e s e n t e d  i n  c o o r d i n a t e  

s y s t e m  Sa a s  f o l l o w s  

ilere ( F i g .  4 .9 .2b )  

cosep 0 s i n e p  

0 1 i - s i n e p  

lLa,l  = 

'Then w e  o b t a i n  

B B 
2 

[ U p s i n a  * - 2 p s i n - ~ i n ( a + ~ ) l c o s 0 ~  

cosa + 2 p s i n T c o s ( a + T )  R B 
C 

i na ]  = 
1 cos epcos ( a +  6 )  

( 4 . 9 . 1 1 )  

( 4 . 9 . 1 2 )  

( 4 . 9 . 1 3 )  

( 4 . 9 . 1 4 )  
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'rne installment of tne generating suriace in coordinate system S, 

is the same as it was described in Section 4 . 3 .  The generating 

surface and its unit normal are represented in S, as follows 

B B 2psin 7 B [sin( a-$c)cos( a+ 7 )  - co~e~cos(a-$~)sin(a+ 711 
* 

+ U P sinacos(a-JIc)(cosep-l) 

2psin B [cos(n-$c)cos(a+ -1 B + cosepsin(a-JIc)sin(a+ 1 1 1  2 2 
* 

- Up~inasin(a-~c)(cosep-l) 

B * 
jilpina - 2psin 3 sin(a+ 7)~sinsp 2 

(4.9.16) 
cos epcos ( a + B 1 cos ( a - 9, ) + sin ( a + (3 ) sin ( a- JI, ) r 

- c o ~ e ~ c o s ( a + $ ) s i n ( a - ~ ~ ~ )  + sin(a+$)cos(a-$c) 

Pinion Surf ace 

The pinion surface is represented in coordinate system SI as 

follows 



Here f ( B , e , , @ , )  = 0 is t h e  e q u a t i o n  of mesh ing  

r e p r e s e n t e d  as  f o l l o w s  

( 4 . 9 . 1 7 )  

( see  S e c t i o n  4 . 4 )  

* 
f ( B , e p + p )  = r s i n ~ c o s e  - u s i n a s i n ( a + g ) ( c o s e p -  1) 1 P P 

- r 1 P  4 s i n ( a + ~ ) c o s ( a - $ ~ )  - c o s ~ p c o s ( a + ~ ) s i n ( a - ~ ~ c )  = 0 

( 4 . 9 . 1 8 )  

TCA Proqram 

F o l l o w i n g  t h e  p r o c e d u r e  o f  d e r i v a t i o n s  descr ibed  i n  S e c t i o n  4 . 8 ,  

w e  can now d e v e l o p  t h e  TCA p r o g r a m  f o r  t h e  case where t h e  g e n e r a t i n g  

su r i ace  C p  is a s u r f a c e  of  r e v o l u t i o n .  U s i i i c j  t h i s  p r o y r a m ,  w e  c a n  

d e t e r m i n e  t n e  k i n e m a t i c a l  errors c a u s e d  by t h e  y e a r .  

Example 

Pn = li) N1 = 20, N 2  = 4u C = l . 0 1 ( r l + r 2 )  A y  = 5’ 

= 200 a = 800 p = 500 i n  d = 0 .176  in 
QC 

The r e s u l t s  of c o m p u t a t i o n  of  k i n e m a t i c a l  errors are shown i n  

F i g .  4 .9 .3 .  I t  was f o u n d  t h a t  t h e  f u n c t i o n  o f  k i n e m a t i c a l  errors h a s  

t h e  desired s h a p e ,  and  t h e  maximal  v a l u e  is 0.16 a r c  sec. 
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Conclusion 

T h e  a u t h o r s  have  d e v e l o p e d :  ( i )  The b a s i c  p r i n c i p l e s  f o r  t h e  

ot,tilnal g e o m e t r y  o f  c rowned s p u r  y e a r s ;  ( i i )  New m e t h o d s  f o r  

y e n e r a t i o n  o f  c rowned p i n i o n  t o o t h  s u r f a c e ;  ( i i i )  T o o t h  c o n t a c t  

a n a l y s i s  p r o g r a m s  f o r  t h e  s i m u l a t i o n  of meshing  arid b e a r i n g  c o n t a c t .  

The f e a t u r e s  of  t h e  o p t i m a l  g e o m e t r y  of  t h e  crowned s p u r  g e a r s  

are  as f o l l o w s :  ( i )  t h e  y e a r  is p r o v i d e d  w i t h  a r e g u l a r  i n v o l u t e  

s u r f a c e ;  ( i i )  t h e  p i n i o n  t o o t h  s u r f a c e  is d e v i a t e d  f rom a r e g u l a r  

i n v o l u t e  s u r f a c e  to p r o v i d e  a l o c a l i z e d  b e a r i n g  c o n t a c t  and r e d u c e  t h e  

s e n s i t i v i t y  of  t h e  g e a r s  t o  t h e i r  m i s a l i y n m e n t ;  ( i i i )  t h e  f u n c t i o n  o f  

t r a n s m i s s i o n  errors  of  t h e  m i s a l i g n e d  g e a r s  is of  a p a r a b o l i c  t y p e  

w i t n  t h e  s m a l l  l e v e l  of  maximal  errors ,  less t h a n  5 a rc  s e c o n d s .  

T h e  new metl iods f o r  y e n e r a t i o n  of  t h e  crowned p i n i o n  s u r f a c e  need 

simgle t o o l s  t h a t  h a v e  t o  be  p r o v i d e d  w i t h  a y e n e r a t i n y  p l a n e  or a 

s u r f a c e  of r e v o l u t i o n  t n a t  s l i g h t l y  d e v i a t e s  f rom a cone  s u r f a c e .  The 

d e v e l o p e d  TCA p r o g r a m s  p r o v i d e  t h e  i n f o r m a t i o n  on t h e  b e a r i n g  c o n t a c t  

a n a  t h e  t r a n s m i s s i o n  errors f o r  t h e  m i s a l i g n e d  y e a r s .  
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FLOWCHART FOR PROGRAM I 

START c 
I FIND AUXILIARY VALUES I FOR CALCULATION 

SIMULATE MESHING O F  
PINION AND GEAR 

1 
TEETH AND MAXIMUM 

KINEMATIC ERROR 
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c... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c... * 
c... * 

* 
* 
* c... * PROGRAM I 

C... * KINEMATIC ERROR OF A REGULAR INVOLUTE GEAR MESHING * 
c... * WITH A PINION CROWNED BASED ON PREDESIGNED 
c... * KINEMATIC ERROR FUNCTION 

c... * AUTHORS: FAYDOR LITVIN 
c... * JIAO ZHANG 
c... * 
c. , . 
C 
C PURPOSE 
C 
C THIS PROGRAM IS USED TO CALCULATE THE KINEMATIC ERROR OF A CROWNED 
C PINION MESHING WITH A REGULAR INVOLUTE GEAR. THE PINION IS 
C CROWNED BASED ON PREDESIGNED KINEMATIC ERROR FUNCTION. 
C 
C THIS PROGRAM IS WRITTEN IN FORTRAN77. IT CAN BEE COMPILED BY V 
C COMPILER IN IBM MAINFRAME OR FORTRAN COMPILER IN VAX SYSTEM. 
C 

* 
* 
* 
* 
i c  

>k 

* Jr*** 9r * A** >k 9r ** * * >t ** * ** * * * *f ;k *>k* 9c>k *** *t 9% * * ** * ** * * 3r >k* * -k * 

c... * 

IMPLICIT REAL"8 (A-H.0-Z) 
DIMENSION Z (99) , ERR (99) ,ERROR (99) 
COMMON /BLOCAl/ X(11) ,Y(10) ,A(10,1O),Yl(lO),IPVT(lO),WORK(10), 

COMMON /BLOCAZ/ ALPHA,RKSI,RP,RG,RMPG,RL,SA,CA,DR,CK,SK.HDC,C, 
+ EPSI,DELTA,NC,NE,NDIM 

+ S ( 3 , 3 )  , SF,CF, SAK, CAK,A1 ,XP, YP,ZP,XG, YG,R, CONST ( 9 )  
C 
C DEFINE PARAMETERS USED BY PROGRAMS 
C 
C (1) IN ANG LP ARE UNIT NUMBERS ASSIGNED TO THE INPUT AND OUTPUT 
C DEVICES 

IN=5 
LP-6 

C (2) NDBUG IS USE TO CONTROLL THE AUXILIARY OUTPUT FOR DEBUGGING 
NDBUG=2 

C (3) NC IS THE UPPER LIMITATION OF REPEATATION FOR SOLVING NONLINEAR 
C EQUTIONS; 
C EPSI IS THE CLEARANCE OF FUNCTION VALUES WHEN THE FUNCTIONS 
C IS CONSIDERED AS SOLVED (ALL FUNTIONS HAVE FORMS OF F(X)=o); 
C DELTA IS THE RELATIVE DIFFERENCE FOR TAKING DERIVATIVES 
C NC, EPSI AND DELTA MAY BE CHANGED WHEN SOLUTIONS ARE DIVERGENT 
C OR LESS ACCURATE 

NC=100 
DELTA=l. D-3 
EPSIP1.D-12 

NDIM- 10 
NE=5 
DR=DATAN(l.DO) /45.DO 

C ( 4 )  OTHER PARAMETERS(D0N'T CHANGE) 

C 
C DEFINE INPUT PARAMTERS OF PROBLEM(USE INCH AS UNIT OF LENGTH) 
C 
C (1) PINION AND GEAR: PN-DIAMETRAL PITCH; Nl=PINION TOOTH NUMBER; 
C 
C RKSI=PRESSURE ANGLE; HDPHEIGHT OF DEDENDUM OF PINION; 
C COE=COEFF. OF CENTRAL DISTANCE (USUALLY COEol . ) 

RMPG-TOOTH NUMBER RATIO(GEAR TOOTH NO. /N1) ; 
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C 

C 
C 
C 

C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

R-RADIUS OF ROTATION AXIS FOR GENERATING PINION SURFACE 
PN= 10. DO 
N1=20 
RMPG-2. DO 
RKSIP20.DO*DR 

COE-1.OlODO 
RE3.5D2 

HDC==~.DO/PN 

(2) PRE-DESIGNED FUNCTION: INPUT CONSTANTS HERE AND INPUT FUNCTION 
IN SUBROUTINE FUNC 
MATRIX CONST(J) IS USED FOR CONSTANTS OF FUNCTION 

CONST (1) =2.  DO"3.929751681D-4 
(3) MISALIGNMENT: NMIS=ID NO, (l=CROSSING AXES, 2=INTERSECTING AXES) ; 

NG=NO. OF MISALIGNED ANGLES TO BE SIMULATED (FROM 0. TO 
(NG-1) "GAMMAI) ; GAMMAI=INCREMENT OF MISALIGNED ANGLE (MINUTE) ; 

NMIS=2 
NG= 2 
GAMMAI=5. DO 

( 4 )  OUTPUT: FEEI=INCREMENT OF ROTATION ANGLE OF PINION(DEGREEE) 
FEEI=~ .ODO$:DR 

DESCRIPTION OF OUTPUT PARAMETERS 

FEEl=ROTATION ANGLE OF PINION 
FEE2=ROTATION ANGLE OF GEAR 
RP=RADIUS OF PINION CONTACT POINT 
RG-RADIUS OF G E M  CONTACT POINT 

FIND AUXILIARY VALUES FOR CALCULATION 
RP=FLOAT(N1)/2./PN 
RG=RP*RMPG 
C= (RP+RG) "COE 
CK=DCOS (RKSI) 
SK=DSIN (RKSI) 
NCOEF=360. DO*DR/FEEI/FLOAT (N1) +O. 3D0 
N=NCOEF*2+1 
NT-N-NCOEF 
FII=360.DO/RMPG/FLOAT(Nl) 

DO 5 I=1,3 
DO 5 J=1,3 

IF (1.EQ.J) S(I,J)=l.DG 

DO 15 LL=l,NG 
GAMMA=GAMMAI*FLOAT(LL-1)/6O.DO*DR 
CG=DCOS (GAMMA) 
SG=DSIN(GAMMA) 
GAMMA=GAMMA/DR"60. DO 
IF (NMIS.EQ.l) THEN 
WRITE (LP, lo )  COE,GAMMA 

DEFINE MATRIX DESCIBEING MISALIGNMENT AND OUTPUT ASSEMBLING CONDITION 

s (I, J) -0. DO 

5 CONTINUE 

10 FORMAT (1Hl,///, lX, IC=' ,F4.2, '"<(RP+RG) ; CROSSING ANGLE=', 
+ F5.1, ' (M) ' )  
S (1,l) =CG 
S (1,3)=-SG 
S(3,1)=SG 
S (3,3) =CG 
ELSE 
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WRITE (LP,20) COE,GAMMA 
20 FORMAT (lHl,///,lX, IC=' ,F4.2, '*(RP+RG) ; INTERSECTING ANGLEP', 

+ F5.1, ' (M) ' )  
S (2,2) =CG 
S (2,3) =-SG 
S(3,2)=SG 
S (3,3) =CG 
END IF 

c SIMULATING MESHING OF PINION AND GEAR(L=I FOR FINDING INITIAL 
C ROTATION CORRESPONDING TO 0 PINION ROTATION) AND OUTPUT RESULTS 

DO 25 L=1,2 
DO 35 I=1,4 

DO 45 I=l,N 
X (7) =FEEI"FLOAT (I- (N+1) /2) 
IF (L.EQ.I) x(~)=o.Do 
X (5) =DARSIN (RP"X (7) "SK/R) 
x (2) =x (7) /RMPG 
SF-DSIN (X (7) ) 
CF=DCOS (X (7) ) 
CALL NONLIN 
X (8) =X (2) +X (3) 
IF (L.EQ.1) THEN 
XIN=X (8) 
WRITE (LP, 30) 

35 X(I)=O.DO 

30 FORMAT (////8X,'FEEl(D) ',8X,'FEE2(D) ',8X,'K-ERROR(S) ',5X, 
+ 'RP', 13X, 'RG'/) 
GO TO 25 
END IF 
X (8) =X (8) -XIN 
x (7) =x (7) /DR 
X (8) =X (8) /DR 
X(9)=(X(8)-X(7) /RMPG) "3600.DO 
2 (I) =X (8) 
ERR(I)-X(9) 
WRITE (LP,40) (X(J), J=7,11) 

40 FORMAT (lX,5F15.7, F15.7) 
45 CONTINUE 

50 FORMAT ( / / ,  ' FIND THE WORKING RANGE FOR ONE TOOTH: ' / >  
WRITE (LP ,50) 

DO 5 5  I-1,NT 
X (7)=FEEI*FLOAT (I- (N+1) /2) /DR/Z.DO 
X (8) =X (7) +FII 
KK= I+NCOEF 
ANGLE-2 (KK) -2 (I) 
ERROR (I) = (ANGLE-FI I) "3600. DO 
WRITE (LP,60) X(7) ,X(8) ,ANGLE 

60 FORMAT (lX, ' ( '  ,F7.2, '----I ,F7.2, ' )  : I ,  F15.7, F15.7) 
55 CONTINUE 

DO 65 I=l,NT 
ATEMPZ=ERROR (I) 
IF (I.NE.1) THEN 
IF (ATEMPl.GT.O.DO.AND.ATEMP2.LE.O.DO) GOT0 75 
END IF 
ATEMPl=ATEMPZ 

65 CONTINUE 
WRITE (LP, 70) 

70 FORMAT (//lX, 'MESHING IS DISCONTINOUS') 
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GOT0 25 
IF (DABS(ATEMP1) .LT.DABS(ATEMPZ)) I=I-l 
EMAX=O . DO 
EMIN=O. DO 
DO 85 J=l,NCOEF 
KS=I+ J- 1 
ET-ERR (KS) 
IF (ET.LT.EM1N) 
IF (ET.GT.EMAX) 
CONTINUE 
ET=EMAX-EMIN 
KK=I+NCOEF 

EM IN-ET 
EMAX-ET 

WRITE (LP,80) Z(1) ,Z(KK) ,ET 
FORMAT (//lX,'WORKING RANGE FOR THE GEAR TOOTH: ',F7.2,'----', 

+ F7.2/1X, 'THE MAXIMUM KINEMATIC ERROR: ' ,F15.7,' (S) ' >  
25 CONTINUE 
15 CONTINUE 

90 FORMAT (1H1) 
WRITE (LP,90) 

STOP 
END 

C 
SUBROUTINE FUNC 

C 
C 

C 

THIS SUBROUTINE IS USED TO GENERATE FIVE FUNCTIONS, THAT IS, AT 
CONTACT POINT, POSITION VECTOR AND NORMAL OF PINION AND GEAR 
MUST COINCIDE 
IMPLICIT REAL"8 (A-H,O-2) 
COMMON /BLOCAl/ X ( l l > , Y ( l O ) , A ( l O , l O > , Y 1 ( 1 0 )  ,IPVT(lO),WORK(10), 

COMMON /BLOCAZ/ ALPHA,RKSI,RP,RG,RMPG,RL,SA,CA,DR,CK,SK,HDC,C, 
+ EPSI,DELTA,NC,NE,NDIM 

+ 

RECALLING X(5 )  IS FEEP 

S (3,3) , SF, CF, SAK, CAK, A1 ,XP, YP ,ZP,XG, YG,R, CONST ( 9 )  
INPUT PRE-DESIGN ERROR FUNCTION EF AND ITS DIFFEVERTIVE DEF, 

EF--CONST (1) "X (5) "X (5) /2. DO 
DEF=-CONST (1) "X (5) 
CT=DCOS (X ( 4 )  ) 

ST=DSIN (X ( 4 )  ) 
CFEE=DCOS (X (3) ) 
SFEE=DSIN (X (3)  ) 
CFEK=DCOS (X(3)+RKSI) 
SFEK=DSIN (X (3) +RKSI) 
GF=DARCOS ( (1. DO+DEF"RMPG/ (1. DO+RMPG) ) "CK) 
CFGK=DCOS (X(5) +GF-RKSI) 
SFGK-DSIN (X(5) +GF-RKSI) 
CFP=DCOS (X (5) ) 
SFP=DSIN (X (5) ) 
CFPG=DCOS (X ( 5 )  +GF) 
SFPG=DSIN (X (5) +GF) 
T3=X (5)  /RMPG+EF+RKSI-GF 
X1 I=- (RP+RG) "SFP+RG"SFGK+RG'~T34CK"CFPG 
Y 1 1- (RP+RG) "CFP-RG"CFGK+RG"T3;tCK*SFPG 
XP=X~ ~*cT+R* (CT-1 .DO) 
YP=Y 11 
ZP=X~~*ST+R*ST 
RNXP=CFPG*CT 
RNYP-SFPG 
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C 
c 20 

C 

C 

RNZP=CFPG*ST 
XG-RG*SFEE+RG*X (2) *CK*CFEK 
YG=-RG*CFEE+RG*X (2) *CK"SFEK 
ZG=X(l) 
RNXG=CFEK 
RNYG- SFEK 
RNZG=O .DO 
Y (l)=CF*XP+SF*YP-S(l, l)*XG-S(1,2)"YG-S(1,3)*ZG 
Y (2)=CF*YP-SF*XP-S (2,1) *XG-S (2,2) *YG-S (2,3) "ZG-C 
Y(3)=ZP-S(3,1)*XG-S(3,2)*YG-S(3,3)*ZG 

Y (5)=RNZP-S (3,l) "RNXG-S (3,2) "RNYG-S (3,3) 7kRNZG 
X(lO)=DSQRT(XP*XP+YP*YP) 
X (1 1) =DSQRT (XG"XG+YG*YG) 
WRITE (6,20) XP, YP,ZP ,XG, YG,X ( 6 )  ,A1 ,A2,A3 
FORMAT (1X, ' $ $ $ $ I  ,6F15.7) 
RETURN 
END 

Y ( 4 )  =CF*RNYP-SF*RNXP-s (2, I) "RNXG-s (2,2) "RNYG-s (2,3) *RNZG 

SUBROUTINE NONLIN 

C THIS SUBROUTINE IS USED TO SOLVE NONLINEAR EQUATIONS BY NEWTON- 2 

C RAPHSON METHOD 
IMPLICIT REAL"8 (A-H,O-Z) 
COMMON /BLOCA1/ X(11) ,Y(10) ,A(10,10) ,Y1(10) ,IPVT(lO) ,WORK(10) 

+ EPSI,DELTA,NC,NE,NDIM 
C 

C 
c 10 

15 

25 
35 

55 
45 

65 

75 
5 

105 

C 
C 

DO 5 I=l,NC 
CALL FUNC 
WRITE (6,lO) I, (X(J),Y(J),J=1,5) 
FORMAT ( 1X , 
DO 15 J=l,NE 
IF (DABS(Y(J)).GT.EPSI) GO TO 25 
CONTINUE 
GO TO 105 
DO 35 J=l,NE 
Y~(J)=Y (J) 
DO 45 J=l,NE 
DIFF=DABS (x (J) ) "DELTA 
IF (X (J) . EQ. 0. DO) DIFF=DELTA 
XMAH-X (J> 
X (J) =X (J) -DIFF 
CALL FUNC 
X(J)=XMAK 
DO 55 K=l,NE 
A(K, J) = (Y 1 (K) -Y (K) ) /DIFF 
CONTINUE 
DO 65 J=l,NE 
Y (J)=-Y1 (J) 
CALL DECOMP (NDIM,NE,A,COND,IPVT,WORK) 
CALL SOLVE (NDIM.NE,A, Y, IPVT) 
DO 75 J=l,NE 
X (J) =X (J) +Y (J) 
CONTINUE 
RETURN 
END 

7k "* , I5 / 5 ( I X  ,2D 15 .7 / ) ) 
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C 
SUBROUTINE DECOMP (NDIM,N,A,COND, IPVT, WORK) 

C 
IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION A (NDIM, N) ,WORK (N) , IPVT (N) 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

c. 

C 

C 
C 

DECOMPOSES AREAL MATRIX BY GAUSSIAN ELIMINATION, 
AND ESTIMATES THE CONDITION OF THE MATRIX. 

-COMPUTER METHODS FOR MATHEMATICAL COMPUTATIONS-, BY G. E. FORSYTHE, 
M. A. MALCOLM, AND C. B. MOLER (PRENTICE-HALL, 1977) 

USE SUBROUTINE SOLVE TO COMPUTE SOLUTIONS TO LINEAR SYSTEM. 

INlUT.. 

NDIM = DECLARED ROW DIMENSION OF THE ARRAY CONTAINING A 
N = ORDER OF THE MATRIX 
A = MATRIX TO BE TRIANGULARIZED 

OUTPUT.. 

A CONTAINS AN UPPER TRIANGULAR MATRI.X U AND A PREMUTED 
VERSION OF A LOWER TRIANGULAR MATRIX I-L SO THAT 
(PERMUTAT ION MATR 1x1 9‘A=L9rU 

COND = AK ESTIMATE OF THE CONDITION OF A. 
FOR THE LINEAR SYSTEM A”X = B , CHANGES IN A AND B 
MAY CAUSE CHANGES COND TIMES AS LARGE IN X. 
IF COND+1.0 .EQ. COND , A IS SINGULAR TO WORKING 
PRECISION. COND IS SET TO 1.OD+32 IF EXACT 
SINGULARITY IS DETECTED. 

IPVT = THE PIVOT VECTOR 
IPVT(K) = THE INDEX OF THE K-TH PIVOT ROW 
IPVT (N) = (-1) ** (NUMBER OF INTERCHANGES) 

WORK SPACE.. THE VECTOR WORK MUST BE DECLARED AND INCLUDED 
IN THE CALL. ITS INlUT CONTENTS ARE IGNORED. 
ITS OUTPUT CONTENTS ARE USUALLY UNIMPORTANT. 

THE DETERMINANT OF A CAN BE OBTAINED ON OUTPUT BY 
DET(A) = IPVT(N) a A(1,l) A(2,2) * ... ”’ A(N,N) . 
IPVT (N) =1 
IF (N.EQ.~) GO TO 150 
NMl=N- 1 

ANORM=O. DO 
DO 20 J=l,N 
T=O. DO 
DO 10 I=1,N 

IF (T . GT . ANORM) ANORM=T 

COMPUTE THE 1-NORM OF A , 

i o  T=T+DABS(A(I,J)) 

20 CONTINUE 
DO GAUSSIAN ELIMINATION WITH PARTIAL 

PIVOTING. 
DO 70 K=l,NMI 
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C 

C 

C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

30 

40 

50 
60 

KPl=K+l 

M=K 
DO 30 I=KPl,N 

CONTINUE 
IPVT (K) =M 
IF (M.NE.K) IPVT(N)=-IPVT(N) 
T=A (M , K) 

FIND THE PIVOT. 

IF (DABS (A (I ,K) ) . GT. DABS (A (M, K) ) ) M=I 

A (M, K) -A (K, K) 
A (K, K) =T 

SAIP THE ELIMINATION STEP IF PIVOT IS ZERO 
IF (T.EQ.O.DO) GO TO 70 

COMPUTE THE MULTIPLIERS. 
DO 40 I=KPl,N 
A (I , K) =-A (I, K) /T 

INTERCHANGE AND ELIMINATE BY COLUMNS. 
DO 60 J=KPl,N 
TEA (M, J) 
A (M, J) =A (K, J) 
A(K, J)=T 
IF (T.EQ.O.DO) GO TO 60 
DO 50 I=KPl,N 
A (I, J) =A (I, J) +A (I, K) "T 

CONTINUE 
70 CONTINUE 

COND = (1-NORM OF A)"(AN ESTIMATE OF THE 1-NORM OF A-INVERSE) 
THE ESTIMATE IS OBTAINED BY ONE STEP OF INVERSE ITERATION FOR THE 
SMALL SINGULAR VECTOR. THIS INVOLVES SOLVING TWO SYSTEMS 
OF EQUATIONS, (A-TRANSP0SE)"Y = E AND A"Z = Y WHERE E 
IS A VECTOR OF +1 OR -1 COMPONENTS CHOSEN TO CAUSS GROWTH IN Y. 
ESTIMATE = (1-NORM OF Z)/(l-NORM OF Y) 

80 
90 

100 

110 

SOLVE (A-TRANSP0SE)"Y = E . 
DO 100 K=l,N 

T-0. DO 
IF (K.EQ.l) GO TO 90 
KM1-K-1 
DO 80 I=1,KHl 
T=T+A (I, K) "WORK (I) 
EK= 1. DO 
IF (T.LT.O.DO) EKP-l.DO 
IF (A(K,K).EQ.O.DO) GO TO 160 

WORK(K)=- (EK+T) /A(K,K) 
DO 120 KBP1,NM1 
K=N-KB 
T=O. DO 
KPl=K+I 
DO 110 I=KPl,N 
T=T+A (I, K) "WORK (K) 
WORK (K) =T 
M-IPVT (K) 
IF (M.EQ.K) GO TO 120 
T=WORK (M) 
WORK (M) =WORK (K) 
WORK (K) =T 

71 



120 
C 

130 
C 
C 

C 

140 
C 
C 

C 
150 

C 
C 

160 

C 

C 

CONTINUE 

YNORM=O.DO 
DO 130 I=l,N 
YNORM=YNORM+DABS (WORK(I) ) 

SOLVE A*Z = Y 
CALL SOLVE (NDIM,N,A,WORK, IPVT) 

ZNORM=O.DO 
DO 140 I=l,N 
ZNORM=ZNORM+DABS (WORK(1) 

ESTIMATE THE CONDITION. 
COND=ANORM*ZNORM/YNORM 
IF (COND.LT.1.DO) COND=l.DO 
RETURN 

COND= 1. DO 
IF (A(1.1) .NE.O.DO) RETURN 

1-BY-1 CASE.. 

EXACT SINGULARITY 
COND=l.OD32 
RETURN 
END 
SUBROUTINE SOLVE (NDIM,N,A,B,IPVT) 

IMPLICIT REAL"8(A-H,O-Z) 
DIMENSION A(NDIM,N) ,B(N), IPVT(N) 

C SOLVES A LINEAR SYSTEM, A*X = B 
C DO NOT SOLVE THE SYSTEM IF DECOMP HAS DETECTED SINGULARITY. 
C 
C -COMPUTER METHODS FOR MATHEMATICAL COMPUTATIONS-, BY G. E. FORSYTHE, 
C M. A. MALCOLM, AND C. B. MOLER (PRENTICE-HALL, 1977)  
C 
C IN1UT.. 
C 
C NDIM = 
C N =  
C A =  
C B =  
C IPVT = 
C 
C OUTPUT.. 
C 

DECLARED ROW DIMENSION OF ARRAY CONTAINING A 
ORDER OF MATRIX 
TRIANGULARIZED MATRIX OBTAINED FROM SUBROUTINE DECOMP 
RIGHT HAND SIDE VECTOR 
PIVOT VECTOR OBTAINED FROM DECOMP 

C B = SOLUTION VECTOR, X 
C 
C DO THE FORWARD ELIMINATION. 

IF (N.EQ.~) GO TO 50 
NMl=N-1 
DO 20 K=l,NMl 
KP l=K+ 1 
M=IPVT (K) 
T=B (M) 
B (MI =B (K) 
B (K) =T 
DO 10 I=KPl,N 
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10 B (I) -E (I) +A (I, K) *T 
20 CONTINUE 

C NOW DO THE BACA SUBSTITUTION. 
DO 40 KB-1 ,NH1 

KMl=N-KB 
K==KM1+1 
B (K) =B (K) /A (K, K) 
T=-B (K) 
DO 30 I=l,KMl 

30 B ( I ) = B  (I)+A(I,K) *T 

50 B W=B (1) /~(1, 1) 
40 CONTINUE 

RETURN 
END 
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FLOWCHART FOR PROGRAM I1 

COMPARE THE PROFILE 
WITH INVOLUTE CURVE 

AT MIDDLE SECTION 

START 0 
INPUT GIVEN DATA * 

FIND AUXILIARY VALUES 
FOR CALCULATION 

1 
1 CALCULATE PROFILE OF1 
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C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

ALP=80. DO*DR 
RC-1.DO 

(3) MISALIGNMENT: NMIS=ID NO.(l=CROSSING AXES, 2=INTERSECTING AXES); 
NG=NO. OF MISALIGNED ANGLES TO BE SIMULATED (FROM 0. TO 
(NG-1) *GAMMAI) ; GAMMAI=INCREMENT OF MISALIGNED ANGLE (MINUTE) ; 

NE500 
NG= 2 
GAMMAI=5. DO 

( 4 )  OUTPUT: ZI=INCREMENT OF TOOTH LENTGH OF CROSS SECTION; 
NL=NO. OF CROSS SECTIONS WHERE PINION PROFILE IS SIMULATED; 
N=NO. OF POINTS USED TO DEVIDE TOOL PROFILE IN A N Y  CROSS 
SECTION(LARGE N, MORE POINTS IS GOT FOR PINION TOOTH PROFILE) 

ZI=O. lODO 
NL=3 
N=500 

DESCRIPTION OF OUTPUT PARAMETERS 

Zl=DISTANCE BETWEEN CROSS SECTION CONSIDERED AND MIDDLE CROSS 
SECTION 

NO=OUTPUT NO. 
Yl=TOOL SURFACE AUXILIARY VARIABLE 
XP=X COORDINATE OF PINION PROFILE 
YP=Y COORDINATE OF PINION PROFILE 
Rl=RADIUS OF PINION PROFILE 
FEE=CORESPONDING PINION SURFACE PARAMETER 
XSH=AVERAGE DEVIATION SHIFT OF CROSS SECTION PROFILE FROM PROFILE 

OF MIDDLE SECTION (INVOLUTE CURVE) 
XPEWAXIMUM DEVIATION OF CROSS SECTION PROFILE FROM INVOLUTE CURVE 
SDX-STANDARD DEVIATION OF CROSS SECTION PROFILE FROM INVOLUTE 

CURVE 

FIND AUXILIARY VALUES FOR CALCULATION 
RP-FLOAT(N1) /S.DO/PN 
CL=RC/DSIN (ALP) 
D-CL~~DCOS (ALP) 
AI-CL-HDC/DCOS (RKS) 
RPU-R P +HAC 
DO 5 I=l,NL 
Z-FLOAT (1-1) "21 
YY=D-Z/DTAN (ALP) 
WRITE (LP,lO) Z 

10 FORMAT (1Hl/lX,'Zl=',F15.7/1X,'NO',1OX,'Y1',13X,'XP',13X,'YP', 

CALCULATE THE PROPILE OF THE SURFACE CUT BY PLANE Z=CONST 
+ 13X,'R1',13X,'FEE') 

KKK=O 
DO 15 J=l,N 
Y 1 - Y  Y "FLOAT (J- 1) /FLOAT (N- 1) 
F=DSQRT (1. - (Z/ (D-Y 1) /DTAN (ALP) ) ""'2) 
FEE= ( (D-Y 1) "F/DCOS (ALP) -~i:': (F"DCOS (ALP) "DCOS (ALP) +DSIN (ALP) "DSIN ( 

XP (I, J) = (D-Y 1) (DTAN (ALP) *F:':DCOS (ALP-RKS+FEE) -DSIN (ALP-RKS+FEE) 
+ ALP))) /RP/ (DSIN (ALP) "DCOS (ALP-RKS)-F"DC0S (ALP)"DSIN (ALP-RKS)) 

+ +A~*DSIN (FEE-RKS) -RP*FEE"~DCOS (FEE) +RP"DSIN (FEE) 
YP (I, J)=- (D-Y1) "(DTAN (ALP) "F"DS1N (ALP-RKS+FEE) +DCOS (ALP-RKS+FEE)) 

Rl=DSQRT (XP (I, J) **2+YP (I, J) "'"2) 
IF (R1.GT.RPU) THEN 
JJ-;J-l 

+ +AI"DCOS (FEE-RKS) +RP*FEE"DSIN (FEE) +RP"DCOS (FEE) 
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c. . . ~t** *yk**  ** * *A h * Yk ** * A * Y%* A* * * * 9r* * * * +>t* * * * * ** ***** * ** **** 
* 
* 
Yk 

* 
Yk 

* 
* 
Y t  

* 

c... * 
c . . .  * 
c... * PROGRAM I1 
C... * SURFACE OF PINION GENERRATED BY CONE CUTTER 

c... * AUTHORS: FAYDOR LITVIN 
c... JIAO ZHANG 

c... * 

c... jC 

c... yt 

c . , . 
C 
C PURPOSE 
C 
C THIS PROGRAM IS USED TO CALCULATE THE SURFACE OF A PINION WHICH IS 
C GENERATED BY CONE CUTTER 
C 
C NOTE 

Y t  * * * * * * * * Y t  ** * >t* * * * Y t  * Y t  Yk * *$r ** ** Y t  * ** ** * * * ** ft Y t  * ** ** * * * Y t  * **>t 

C 
C 
C 
C 

C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 

C 
C 

THIS PROGRAM IS WRITTEN IN FORTRAN 7 7 .  IT CAN BE COMPILED BY V 
COMPILER IN IBM MAINFRAME OR FORTRAN COMPILER IN VAX SYSTEM. 

DEFINE PARAMETERS USED BY PROGRAHS 

(1) IN ANG LP ARE UNIT NUMBERS ASSIGNED TO THE INPUT AND OUTPUT 
DEVICES 

IN-5 
LP=6 

NDBUG=2 
(2) NDBUG IS USE TO CONTROLL THE AUXILIARY OUTPUT FOR DEBUGGING 

(3)  NC IS THE UPPER LIMITATION OF REPEATATION FOR SOLVING NONLINEAR 
EQUTIONS; 

EPSI IS THE CLEARANCE OF FUNCTION VALUES WHEN THE FUNCTIONS 
IS CONSIDERED AS SOLVED (ALL FUNTIONS HAVE FORMS OF F(X)=O); 

RKSTA IS THE RELATIVE DIFFERENCE FOR TAKING DERIVATIVES 
NC, EPSI AND RKSTA MAY BE CHANGED WHEN SOLUTIONS ARE DIVERGENT 
OR LESS ACCURATE 

NC= 100 
RKSTAL1.D-3 
EPSI=l.D-12 

DREDATAN(1.DO)/45.DO 
(4) OTHER PARAMETERS (DON ’ T CHANGE) 

DEFINE INPUT PARAKTERS OF PROBLEM(USE INCH AS UNIT OF LENGTH) 

(1) PINION AND GEAR: PN=DIAMETRAL PITCH; Nl=PINION TOOTH NUMBER; 
RKS=PRESSURE ANGLE(DEGREE); HDC=HEIGHT OF DEDENDUM OF PINION: 
HAC=HEIRHT OF ADDENDUM OF PINION 

PN=lO.DO 
N1=20 
RKS=20.DO*DR 
HDC= 1. DO/PN 
HAC=~.DO/PN 

(2) TOOL: ALPHA=HALF OF CONE VERTEX ANGLE (DEGREE) ; 
RC=RADIUS OF BOTTOM CIRCLE OF CONE 
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XP (I, J) =XP (I, JJ) + (XP (I, J) -XP (I, JJ) ) / (Rl-R1TEHP) * (RPU-RlTEWP) 
YP (I, J) -YP (I, JJ) + (YP (I, J) -YP (I, J J) ) / (Rl-RlTEHP) * (RPU-RlTEMP) 
FEE=FEETEM+ (FEE-FEETEH) / (Rl-RlTEMP) * (RPU-R1TEMP) 
Yl=YlTEM+(Yl-YlfEM) /(Rl-RlTEMP) *(RPU-RlTEHP) 
Rl=DSQRT (XP (I, J> **2+YP (I, J) ""2) 
KKK= 1 
END IF 
WRITE (LP,20) J,Yl,XP(I,J) ,YP(I,J) ,R1,FEE 

IF (KKK.GT.0) GO TO 30 
FEETEM=FEE 
YlTEN=Yl 
R 1 TEMP-R 1 

15 CONTINUE 
30 NS(I)=J-l 

20 FORMAT (lX, 14,4F15.7, F15.7) 

IF (I.NE.1) GO TO 55 

GO TO 5 
NS ~ = N S  (1) 

C PREPARATION OF INTERPLORATION 
55 NSZ=NS(I) 

DO 105 L=l,NS2 
J=NS2+1-L 
IF (YP(1,NSl) .GT.YP(I, J)) GO TO 110 

105 CONTINUE 
110 NS2=J 

NREC=2 
XERS=O. DO 
DO 115 L=l,NS2 
DO 125 J=NREC,NSl 
IF (YP(l,J).GT.YP(I,L)) GO TO 120 

125 CONTINUE 
120 NREC=J 

J1=J-l 
XERROR (L) =XP (I, L) -XP (1,511 - (YP (I, L) -YP ( 1 , ~ l )  ) * (XP (1, J) -XP (1, J 1) ) 

+ /(YP(~, J)-YP (1,~l)) 
XERS=XERS+XERROR (L) 

115 CONTINUE 
XERS=-XER S / FLOAT (NS 2) 
XPE=O. DO 
SDX-0. DO 
IF (NDBUG.GT.2) WRITE (LP,80) 

DO 45 L=l,NS2 
XERROR (L) =XERROR (L) +XERS 
IF (NDBUG.GT.2) WRITE (LP.50) L,XERROR(L) 

IF (DABS (XERROR (L)) .GT.XPE) XPE=DABS (XERROR (L)) 
SDX=SDX+XERROR (L) "c"2 

SDX=DSQRT (SDX/FLOAT (NS2) 
WRITE (LP ,40) XERS , XPE, SDX 

IF (NDBUG.GT.2) WRITE (LP,60) NS1,NSZ 

80 FORMAT (1H1,13X, 'N0.',4X,'DIVIATION VALUE') 

50 FORMAT (13X,I3,2F15.7) 

45 CONTINUE 

40 FORMAT (///lX,'XSH=',E15.7,5X,'XPEP',E15.7,5X,'SDX=',E15.7) 

.60 FORMAT (//5X, 'NS1=',16,6X, 'NS2=',16) 
5 CONTINUE 
STOP 
END 
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FLOWCHART FOR PROGRAM I11 

START (7 
INPUT GIVEN DATA T 

1 FIND AUXILIARY VALUES 1 
FOR CALCULATION 7 

OR FIND SOME DESIGNED 
PARAMETER TO AVOID 
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c,.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c... * * 
c... * * 
c... * PROGRAM I11 * 
C... * UDDERCUTTING CONDITION FOR PINION GENERRATED * 

BY CONE CUTTER * c... * 
c... * * 

* c... * AUTHOR: FAYDOR LITVIN 
c... * JIAO ZHANG 
c... A 

c... * 
C 
C PURPOSE 
C 
C THIS PROGRAM IS USED TO FIND THE UDDERCUTTING CONDITIONS FOR A 
C PINION GENERATED BY CONE CUTTER 
C 
C NOTE 

* 
7k 

* 
9c * **** >k*9r* * *****9c* ** * *** $r * t 9r ** * * * * ** * >k >k rt*** *** * * * * A  * ** 9r c . . . 

C 
C 
C 
C 

C 
C 
C 
C 
C 

C 

C 

C 
C 
C 
C 
C 
C 

C 
C 

C 
C 
C 
C 
C 

C 

THIS PROGRAM IS WRITTEN IN FORTRAN 7 7 .  IT CAN BE COMPILED BY V 
COMPILER IN IBM MAINFRAME OR FORTRAN COMPILER IN VAX SYSTEM. 

IMPLICIT REAL*8 (A-H,O-Z) 

DEFINE PARAMETERS USED BY PROGRAMS 

(1) IN ANG LP ARE UNIT NUMBERS ASSIGNED TO THE INPUT AND OUTPUT 
DEVICES 

IN=5 
LP=6 

NDBUG=2 

DR=DATAN (1. DO) / 4 5 .  DO 

(2) NDBUG IS USE TO CONTROLL THE AUXILIARY OUTPUT FOR DEBUGGING 

(3) OTHER PARAMETERS (DON'T CHANGE) 

DEFINE INPUT PARAMTERS OF PROBLEM(USE INCH AS UNIT OF LENGTH) 

(1) PINION AND GEAR: PNIDIAMETRAL PITCH; Nl=PINION TOOTH NUMBER: 
RKSIcPRESSURE ANGLE: HDC=HEIGHT OF DEDENDUM OF PINION: 
TLzTOOTH LENGTH 

PN=10. DO 
N1=20 
RKSI=20.DO*DR 
HDC= 1. DO/PN 
TL=6.DO/PN 

(2) TOOL: ALPHA=HALF OF CONE VERTEX ANGLE (DEGREE) ; 
RC=RADIUS OF BOTTOM CIRCLE OF CONE 

ALPHA=80. DO"DR 
RC=l.DO 

(3)  PROBLEM: NPROB=ID NO. OF PROBLEM (-1=GIVEN N1 AND HDC, FIND IF 
UDDERCUTTING OCCUR; O=GIVEN N1, FIND MAXIMUM HDC WITHOUT UDDER- 
CUTTING; l=GIVEN HDC, FIND MINIMUM N1 WITHOUT UDDERCUTTING); 
N=NO. OF THETA VALUES USED CALCULATION (BETWEEN THETAS CORRES- 
PONDING TO MIDDLE SECTION AND EDGE SECTION OF PINION) 

NPROB= 1 
N=ll 
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15 IF (NDBUG.LT.1) WRITE (LP,20) 
20 FORMAT (1H1/3X,'N0',7X,'THETA',12X,'At,l3X,",14X,'C',1OX, 

+ 'B**2-4.*A*Ct ,3X, 'ALLOWED RATIO OF HDC/ (1/PN) ' )  
UMIN=5. DO 
DO 55 I=l,N 
THE=THEMAX*DBLE (FLOAT (1-1)) /DBLE (FLOAT (N-1)) 
ST=DSIN (THE) 
CT=DCOS (THE) 

COE2=SA*CAK-CT"CT"CT*CA*SAK 
COE3=SA'tCAK-CT*CA*SAK 
COE4-ST*ST*SAYtCA 
CZCOE1 "COE2-RCL*COE3**3 
Bp- (COE2+COEl"COE4) 
A=COE4 
DD-B*B-4. "A"C 
IF (DD.GE.0.) THEN 
IF (A.NE.0.) THEN 
UlCL= (-B-DSQRT (DD) ) / 2 .  /A 
U2CL= (-B+DSQRT (DD) ) / 2 .  /A 
ELSE 
U 1 C L=-C /B 
U2CL=O. 
END IF 
U~CL= (CK-U~CL)"CL*PN 
UXL= (CK-UZCL) $TL*PN 

COE~=CA*CAK+CT*SA*SAK 

IF (NDBUG.LT. 1) WRITE (LP, 100) I,THE,A,B,C,DD,UlCL 
ELSE 
IF (NDBUG.LT.1) WRITE (LP,lOO) I,THE,A,B,C,DD 
END IF 
IF (UMIN.GT.UlCL) UMIN=UlCL 

55 CONTINUE 
WRITE (LP.200) UMIN 

200 FORMAT (///lX,'TO AVOID UDDERCUTTING, IT IS NECESSARY TO KEEP DEDE 
+NDUM OF PINION <=',F10.7,'/PNt) 
GO TO 35 

C DETERMINE THE MINIMUM NO. OF TEETH FOR UNUNDERCUTTING 
25 IF (NDBUG.LT.1) WRITE (LP,30) 
30 FORMAT (lHl/3X,'N0',7X,'THETA',7X,'NO. OF TEETH') 

RNMAX=O. 
DO 65 I=l,N 
THE=THEMAX*DBLE (FLOAT (1-1)) /DBLE (FLOAT (N-1)) 
ST=DSIN (THE) 
CT=DCOS (THE) 
COE 1 =CA"CAK+CT*SA*SAK 
COE2=SA"CAK-CT"CT*CT"CA"SAK 
COE3=SA'tCAK-CT*CA'kSAK 
COE4=ST'tST''cSA'tCA 
RR = ( COE 1 ic COE 2 - AC L ic ( COE2 + COE 1 "COE 4 ) + AC L " AC L " CO E 4) / CO E 3 "" 3 
RN=Z. "cRR'kPN"rCL 
IF (RNMAX.LT.RN) RNMAX=RN 
IF (NDBUG.LT.1) WRITE (LP,lOO) I,THE,RN 

WRITE (LP,300) RNMAX 
65 CONTINUE 

300 FORMAT ( / / /  lX,'WITHOUT UDDERCUTTING, MINIMUM TOOTH NO. OF PINION 
+IS: ' ,F11.7) 

35 WRITE (LP,400) 
400 FORMAT (1~1) 
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FLOWCHART FOR PROGRAM IV 

START 7 
t 1 INPUT GIVEN DATA/ 

'I 
FIND POSITION AND 

DIMENSION OF 
CONTACT ELLIPSE 
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c... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
c... * 
c... * 
c... * PROGRAM IV 
C... * CONTACT ELLIPSIS FOR PINION GENERATED BY CONE 
c.. . * CUTTER IN MESHING WITH REGULAR GEAR 

c... * AUTHORS: FAYDOR LITVIN 

c... * 
c... * 
C 
C PURPOSE 
C 
C THIS PROGRAM IS USED TO CALCULATE THE CONTACT ELLIPSIS WHEN PINION 
C GENERATED BY CONE CUTTER IN MESHING WITH REGULAR INVOLUTE GEAR 
C 
C NOTE 
C 
C THIS PROGRAM IS WRITTEN IN FORTRAN 7 7 .  IT CAN BE COMPILED BY V 
C COMPILER IN IBM MAINFRAME OR FORTRAN COMPILER IN VAX SYSTEM. 
C 

C 
C DEFINE PARAMETERS USED BY PROGRAMS 
C 
C (1) IN ANG LP ARE UNIT NUMBERS ASSIGNED TO THE INlUT AND OUTPUT 
C DEVICES 

IN=5 
LP=6 

NDBUG=2 

DR=DATAN(l.D0)/45.DO 

ik 

* 
* 
.ir 

it 

A 

A 

7k 

* 
it 

ik +c 9r * * h* 9r rk * **** ** * it * ** *** * *,k ,t*ik * f* ** * >k 9~ 7t  * 9c 9r* 9: >k * * * 9r:t* * * 9: 

c... * 
c... * JIAO ZHANG 

c . . . 

IMPLICIT REAL’k8 (A-H,O-Z) 

C (2) NDBUG IS USE TO CONTROLL THE AUXILIARY OUTPUT FOR DEBUGGING 

C (3) OTHER PARAMETERS (DON’T CHANGE) 

C 
C DEFINE INPUT PARAMTERS OF PROBLEM(USE INCH AS UNIT OF LENGTH) 
C 
C (1) PINION AND GEAR: PN=DIAMETRAL PITCH; Nl=PINION TOOTH NUMBER; 
C 
C RKSI=PRESSURE ANGLE 

RMPG=TOOTH NUMBER RATIO(GEAR TOOTH NO./N1) ; 

PN= 10. DO 
N1=20 
RMPG=2. DO 
RKSI=20.DOkDR 

C (2) TOOL: ALPHA=HALF OF CONE VERTEX ANGLE (DEGREE) ; 
C RC=RADIUS OF BOTTOM CIRCLE OF CONE; 

ALPHA=89.5DOkDR 
RC= 1. DO 

DELe4. D-4 
C (3) DEFORMATION: DEL=CONTACT DEFORMATION AT CONTACT POINT 

C ( 4 )  OUTPUT: PD=RECIPROCAL OF INCREMENT OF S VALUE(S IS THE DISTANCE 
C CONTACT POINT AND INSTANTANEOUS CENTER) 

C 
C DESCRIPTION OF OUTPUT PARAMETER 
C 
C S-DISTANCE BETWEEN CONTACT POIK- ;ND INSTANTANEOUS CENTER 

PD=lOO.DO 
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i 

C 

Rl=PINION RADIUS OF CONTACT POINT 
FEE=PINION ROTATION ANGLE CORRESPONDING TO CONTACT POINT 
A=LENGTH OF HALF SHORT AXIS OF CONTACT ELLIPSE 
BILENTH OF HALF LONG AXIS OF CONTACT ELLIPSE(AL0NG DIRECTION OF 
GEAR TOOTH LEHGTH) 

FIND AUXILIARY VALUES FOR CALCULATION 
RP=FLOAT (Nl) /2. /PN 
SA=DS IN (ALPHA) 
CA-DCOS (ALPHA) 
SK-DS IN (RKS I) 
CK-DCOS (RKSI) 
RL=RC/ SA 
SMAX=(DSQRT( ((1 .D0+2.DO/FLOAT(N1))/CK)""2-1.DO)-SK/CK)"CK*RP 
NA=IDINT (SMAX"PD+O. 5DO) 
SMAX=FLOAT (NA) /PD 
%IN= (DSQRT ( ( (1. +2. /FLOAT (Nl) /RMPG) /CK) ""2-1. ) -SK/CK) y':CK*RP"RMPG 
NB=- IDINT (SMIN"PD+O. 5DO) 
SMIN=FLOAT (NB) /PD 
N-1 +NA-NB 
WRITE (LP,10) RP,Nl,RMPG 

10 FORMAT (lH1,///5X,'RADIUS OF THE PITCH CIRCLE OF PINION (RP):', 
+F15.7//5X,'TOOTH NO. OF PINION(N1):',18//~X,'RATIO OF ANGULAR VEL0 
+CITY (OMEGA OF PINION/OMEGA OF GEAR):',F15.7///1X,'OUTPUT DESIGNAT 
+ION: S=DISTANCE BETWEEN CONTACT POINT AND INSTANTANEOUS CENTER'/ 
+21X,'Rl=PINION RADIUS OF CONTACT POINT; FEE=PINION ROTATION CORRES 
+PONDING TO CONTACT POINT'/PlX,'A=LENGTH OF HALF SHORT AXIS; B=LENG 
+TH OF HALF LONG AXIS(AL0NG DIRECTION OF GEAR TOOTH LEHGTH) I / / / / /  

+10X,'S',14X,'Rl',lOX,'FEEl(D)',l~X,'A',~~X,'B',~~X,'B/A'//) 
FIND POSITION AND DIMENSION OF CONTACT ELLIPSE 

DO 5 L=l,N 

A=DSQRT (DEL'"RP" (SK+S/RP) * (RMPG%K-S/RP) "'2. DO/ (1. DO+RMPG) /SK) 
BoDSQRT (DELyk2. DO"SA/CA': (RL-2 .DO"RP/CK/FLOAT (Nl)-S"SK/CK) 

FEE-S/RP/CK 
R1-RP"DSQRT (1 .DO+ (FEE"CK) ""2+2. DO"FEE9fCK'fSK) 

WRITE (LP ,20) S , R1, FEE, A, B , C 

5 CONTINUE 

S=SMIN+ (SMAX-SMIN) /FLOAT (N-1) 9 f ~ ~ ~ ~ ~  (L-1) 

C=B/A 

FEE=FEE/DR 

20 FORMAT(lX,6F15.7) 

WRITE (LP, 30) 

STOP 
END 

30 FORMAT (1H1) 
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FLOWCHART FOR PROGRAM V 

START (7 

PINION AND GEAR 

TEETH AND MAXIMUM 
KINEMATIC ERROR 
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t 

c... ****************************9;************************** 

c... * * 
c.. . * * 
c... * PROGRAM V * 
C... * KINEMATIC ERROR OF THE PINION GENERATED BY CONE * 
C... * CUTTER MESHING WITH A MISALIGNED REGULUAR GEAR * c... * * 
c... * AUTHORS: FAYDOR LITVIN * 
c... * * 
c... * * 

* c... * JIAO ZHANG 

c . . . ir *** ** * **$r * ***>t k 9r 9; * .rt ** -h *9; * ;t A * * h ’ c  Jr A*  *** * * * *>t >k ** >k **+r *** * t 
C 
C PURPOSE 
C 
C THIS PROGRAM IS 
C GENERATEED BY 
C INVOLUTE GEAR 
C 
C NOTE 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 
P 

THIS PROGRAM IS 

USED TO CALCULATE THE KINEMATIC ERROR OF A PINION 
CONE CUTTER MESHING WITH A MISALIGNED REGULAR 

WRITTEN IN FORTRAN 7 7 .  IT CAN BE COMPILED BY V 
COMPILER IN IBM MAINFRAME OR FORTRAN COMPILER IN VAX SYSTEM. 

IMPLICIT REAL*8 (A-H.0-Z) 
DIMENSION Z (99) , ERR (99) ,ERROR (99) 
COHMON /BLOCAl/ X ( l 1 )  ,Y(lO) ,A(10,10) ,Y1(10) ,IPVT(10) ,WORK(10) 

COMMON /BLOCA2/ ALPHA,RKsI,RP,RG,RMPG,RL,SA,CA,DR,CK,SK,HX, 
f EPSI,DELTA,NC,NE,NDIM 

+ C,S(~,~),SF,CF,SAK,CAK,A~,XP,YP,ZP,XG,YG,R 

DEFINE PARAMETERS USED BY PROGRAMS 

(1) IN ANG LP ARE UNIT NUMBERS ASSIGNED TO THE INPUT AND OUTPUT 
DEVICES 

IN=5 
LP=6 

NDBUG=2 
(2) NDBUG IS USE TO CONTROLL THE AUXILIARY OUTPUT FOR DEBUGGING 

(3)  NC IS THE UPPER LIMITATION OF REPEATATION FOR SOLVING NONLINEAR 
EQUTIONS : 

EPSI IS THE CLEARANCE OF FUNCTION VALUES WHEN THE FUNCTIONS 
IS CONSIDERED AS SOLVED (ALL FUNTIONS HAVE FORMS OF F(X)=O) : 

DELTA IS.THE RELATIVE DIFFERENCE FOR TAKING DERIVATIVES 
NC, EPSI AND DELTA MAY BE CHANGED WHEN SOLUTIONS ARE DIVERGENT 
OR LESS ACCURATE 

NC= 100 
DELTA=I.D-3 
EPSIE1.D-12 

NDIM= 10 
NE-5 
DR=DATAN (1. DO) /45. DO 

( 4 )  OTHER PARAMETERS (DON T CHANGE) 

DEFINE INPUT PARAMTERS OF PROBLEM(USE INCH AS UKIT OF LENGTH) 
(1) PINION AND GEAR: PN=DIAMETRAL PITCH: Nl=PINION TOOTH NUMBER: 

RMPGeTOOTH NUMBER RATIO (GEAR TOOTH NO. /N1) ; 
RKSI=PRESSURE ANGLE: HDC=HEIGHT OF DEDENDUM OF PINION: 

L COE=COEFF. OF CENTRAL DISTANCE (USUALLY COE=1. ) 



C 
C 
C 

C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

PN=lO.DO 
N1=20 
RMPG=2. DO 
RKSI=ZO.DO*DR 

COEP1.005D0 
HDC=~.DO/PN 

(2) TOOL: ALPHA-HALF OF CONE VERTEX ANGLE(DEGREE1; 
RC=RADIUS OF BOTTOM CIRCLE OF CONE 
R=RADIUS OF ARC(F0R EXACT CONE CHOOSE R >l.D6"N1/2/PN) 

ALPHA=80. DO*DR 
RC=1 .DO 
R-l.OD3 

(3) MISALIGNMENT: NMIS-ID NO. (l=CROSSING AXES, 2=INTERSECTING AXES) ; 
NG-NO. OF MISALIGNED ANGLES TO BE SIMULATED (FROM 0. TO 
(NG-1) "GAMMAI) ; GAMMAI=INCREMENT OF MISALIGNED ANGLE (MINUTE) ; 

NMIS=l 
NG= 2 
GAMMAI=S.DO 

FEE I = 1 . ODO"cDR 
( 4 )  OUTPUT: FEEI=INCREMENT OF ROTATION ANGLE OF PINION (DEGREEE) 

DESCRIPTION OF OUTPUT PARAMERTERS 

FEEl=ROTATION ANGLE OF PINION 
FEE2=ROTATION ANGLE OF GEAR 
RP=RADIUS OF PINION CONTACT POINT 
RG=RADIUS OF GEAR CONTACT POINT 

FIND AUXILIARY VALUES FOR CALCULATION 
RP=FLOAT (N1) /2. /PN 

C= (RP+RG) "COE 
CA=DCOS (ALPHA) 
SA=DS IN (ALPHA) 
CK=DCOS (RKSI) 
SK=DSIN (RKSI) 
SAK=DS IN (ALPHA-RKS I) 
CAK=DCOS (ALPHA-RKS I) 

RG-RP~~RMPG 

RL=RC/SA 
A~=RL-HDC/CK 
NCOEF=36O.DO*DR/FEEI/FLOAT(N1)+0.3DO 
N=NCOEF*2+1 
NTzN-NCOEF 
FI I=360. DO/RMPG/FLOAT (N1) 

DEFINE MATRIX DESCIBEING MISALIGNMENT AND OUTPUT ASSEMBLING CONDITION 

5 

10 

DO 5 I=1,3 
DO 5 J=1,3 
s (I, J) =O.DO 
IF (I.EQ.J) s(I,J)=~.Do 
CONTINUE 
DO 15 LL=l,NG 
GAMMA=GAHMAI"FLOAT (LL-0) /60. D0"DR 
CG=DCOS (GAMMA) 
SG=DSIN (GAMMA) 
GAMMA=GAMMA/DRfr60. DO 
IF (NMIS.EQ.1) THEN 
WRITE (LP, 10) COE,GAMMA 
FORMAT (lHl,///,lX, 'C=',F5.3, "k(RP+RG); CROSSING ANGLE=', 
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+ F5.1, ' (M) ' )  
S (1,l) =CG 
S (1,3) =-SG 
S (3,l) =SG 
S (3,3) =CG 
ELSE 
WRITE (LP,20) COE,GAMMA 

20 FORMAT (lHl,///,lX,'C=',F4.2,'*(RP+RG); INTERSECTING ANGLE=', 
+ F5.1,'(H)') 
S (2,2) =CG 
S (2,3)=-SG 
S (3,2) =SG 
S (3,3) =CG 
END IF 

C SIMULATING MESHING OF PINION AND GEAR(L=l FOR FINDING INITIAL 
C ROTATION CORRESPONDING TO 0 PINION ROTATION) AND OUTPUT RESULTS 

DO 25 L=1,2 
DO 35 I=1,4 

DO 45 I=l,N 
X(7)=FEEI"FLOAT(I-(N+l) /2) 
IF (L.EQ. 1) X(7)=O.DO 
X (5) =DARSIN (RP"X (7) "SK/R) 
x (2) =x (7) /RMPG 
SF=DSIN (X (7) ) 
CF=DCOS (X (7) 
CALL NONLIN 
X (8) =X (2) +X (3) 
IF (L.EQ.l) THEN 
XIN-X (8) 
WRITEL (LP, 30) 

35 X(I)=O.DO 

30 FORMAT (////8X, 'FEE1 (D) ' ,8X, 'FEEZ(D) ' ,8X, 'K-ERROR(S) ' ,5X, 
+ 'RP',13X,'RG'/) 
GO TO 25 
END IF 
X (8) =X (8) -XIN 
x (7) -x (7) /DR 
X (8) =X (8) /DR 
X ( 9 )  = (X (8) -X (7) /RMPG) "3600. DO 
Z (I) =X ( 8 )  
ERR (I) =X ( 9 )  
WRITE (LP,40) (X(J), J=7,11) 

40 FORMAT (lX, 5F15.7, F15.7) 
45 CONTINUE 

50 FORMAT ( / / , I  FIND THE WORKING RANGE FOR ONE TOOTH:'/) 
WRITE (LP,50) 

DO 55 I=l,NT 
X (7) =FEEIyrFLOAT (I- (N+l) /2) /DR/2. DO 
X(8)=X(7)+FII 
KK=I+NCOEF 
ANGLE-2 (KK) -Z (I) 
ERROR (I)= (ANGLE-FII) "3600.DO 
WRITE (LP,60) X(7) ,X(8) ,ANGLE 

60 FORMAT (lX, ' ( '  37.2, ' ----I  , F7.2, ' )  : ' ,F15.7, F15:7) 
55 CONTINUE 

DO 65 I=l,NT 
ATEHP2=ERROR (I) 
IF (I.NE.1) THEN 
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65 

70 

75 

85 

80 

25 
15 

90 

C 

C 

IF (ATEMPl.GT.O.DO.AND.ATEMP2.LE.O.DO) GOTO 75 
END IF 
ATEMPllATEMP2 
CONTINUE 
WRITE (LP, 70) 
FORMAT (//lX, 'MESHING IS DISCONTINOUS') 
GOTO 25 
IF (DABS(ATEMP1) .LT.DABS(ATEMP2)) I=I-1 
EMAX=O . DO 
EMIN=O. DO 
DO 85 J= 1, NCOEF 
KS=I+ J-1 
ET=ERR (KS) 
IF (ET. LT.EMIN) EMIN=ET 
IF (ET.GT.EMAX) EMAX=ET 
CONTINUE 
ET=EMAX-EMIN 
KK=I+NCOEF 

FORMAT (//lX,'WORKING RANGE FOR THE GEAR TOOTH: ',F7.2,'----', 

CONTINUE 
CONTINUE 
WRITE (LP, 90)  
FORMAT ( 1H 1) 
STOP 
END 

WRITE (LP,~O) Z(I) , Z ( K K )  ,ET 

+ F7.2/1X, 'THE MAXIMUM KINEMATIC ERROR: ' ,F15.7, ' (S) ' 1  

SUBROUTINE FUNC 

C THIS SUBROUTINE IS USED TO GENERATE FIVE FUNCTIONS, THAT IS, AT 
C CONTACT POINT, POSITION VECTOR AND NORMAL OF PINION AND GEAR 
C MUST COINCIDE 

IMPLICIT REAL"8 (A-H,O-Z) 
COMMON /BLOCAl/ X(11) , Y  (10) ,A(10, l o )  , Y 1  ( l o ) ,  IPVT(10) ,WORK(10), 

COMMON /BLOCA2/ ALPHA,RKSI,RP,RG,RMPG,RL,SA,CA,DR,CK,SK,HDC, 

CT=DCOS (X ( 4 )  ) 
ST=DSIN (X ( 4 )  ) 
CFEE=DCOS (X (3) ) 
SFEE=DSIN (X (3) ) 
CFEK=DCOS (X (3) +RKSI) 
SFEK=DSIN (X (3) +RKSI) 
CAB=DCOS (ALPHA+X (5) 
SAB=DSIN (ALPHA+X (5)) 
CABZ=DCOS (ALPHA+X (5) /2. DO) 
SAB2=DSIN (ALPHA+X (5) /2. DO) 
SB=DSIN (X (5) ) 
SB2=DSIN (X (5) /2 .DO> 
A2=A1"SAn (CT-1) 
X ( 6 )  = (AZ"SAB-R*SB"CT) / (SAB"CAK-CT"CAB"SAK) /RP 
CFP=DCOS (X (6 )  
SFP=DSIN (X (6 )  ) 
CAKF=DCOS (ALPHA-RKSI+X ( 6 )  ) 
SAKF=DSIN (ALPHA-RKSI+X (6 )  ) 
A3=2. DO"R"SB2 
T3=CAB2"SAKF-CT"SAB2"CAKF 

+ EPSI,DELTA,NC,NE,NDIM 

+ C,S(3,3>,SF,CF,SAK,CAK,Al,XP,YP,ZP,XG,YG,R 
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C 
C 
C 
C 50 

C 
c 20 

C 

C 

XPIA3" (CAB2*SAKF-CT*SAB2*CAKF) +Az*CAKF-RP*X (6) *CFP+RP"SFP 
YP=A3* (CAB2*CAKF+CT*SAB2*SAKF) -A2"SAKF+RP"X (6) *SFP+RP*CFP 
ZPp (Al*SA-A3*SAB2) *ST 
RNXP=CT*CAB*CAKF+SAB*SAKF 
RNYP=-CT*CAB*SAKF+SA*CAKF 
RNZP=ST*CAB 
XG=RG*SFEE+RG*X (2) *CK*CFEK 
YG=-RG*CFEE+RG*X (2) *CK%FEK 
ZG=X (1) 
RNXG=CFEK 
RNY G=SFEK 
RNZGtO. DO 
T~=CF*XP+SF*YP 
T2=S(l,l)"XG+S(1,2)*YG+S(1,3)"fC 
WRITE (6,50) T1, T2,XP, YP,X(6) 
FORMAT (lX,'Tl=',F15.7,5X,'T2=',Fl5.7,2F15.7) 
Y (l)=CF*XP+SF~'YP-S(l, 1)"XG-S(l,2)"YG-S(l,3)"ZG 
Y (2) =CF*YP-SF*XP-S (2,l) "XG-S (2,2) "YG-S (2,3) "ZG-C 
Y (3) =ZP-S ( 3 , l )  "XG-S (3,2) "YG-S (3,3) '"ZG 
Y ( 4 )  =CF*RNYP-SF*RNXP-S (2,l) "RNXG-S (2,2) "RNYG-S (2,3) ":RNZG 
Y (5) =RNZP-S (3,l) "RNXG-S (3,2)."RNYG-S (3,3) "RNZG 
X (lo) =DSQRT (XP"XP+YP9cYP) 
X (1 1) =DSQRT (XG*XG+YG"YG) 
WRITE (6,20) XP,YP,ZP,XG, YG,X(6) ,A1 ,A2,A3 
FORMAT (lX, ' $ $ $ $ I  ,6F15.7) 
RETURN 
END 

SUBROUTINE NONLIN 

C THIS SUBROUTINE IS USED TO SOLVE NONLINEAR EQUATIONS BY NEWTON- 
C RAPHSON METHOD 

IMPLICIT REAL"'8 (A-H,O-2) 
COMMON /BLOCAl/ X(ll),Y(lO),A(10,10) ,Y1(10) ,IPVT(10) ,WORK(10), 

+ EPSI,DELTA,NC,NE,NDIM 
C 

C 
c 10 

15 

25 
35 

55 
45 

65 

DO 5 IP1,NC 
CALL FUNC 
WRITE (6,101 I,(X(J),Y(J),J=1,5) 
FORMAT(lX, '**n' ,15/5(1X,2D15.7/)) 
DO 15 J - 1 , N E  
IF (DABS(Y(J)).GT.EPSI) GO TO 25 
CONTINUE 
GO TO 105 
DO 35 J-1,NE 
Y1 (J)=Y (J) 
DO 45 J=l,NE 
DI FF=DABS (X (J) ) "DELTA 
IF (X (J) . EQ. 0. DO) DIFF-DELTA 
XMAM=X (J) 
X(J)=X(J)-DIFF 
CALL FUNC 
X(J)=x" 
DO 55 K=l,NE 
A(K, J)=(Y1 (K)-Y (K)) /DIFF 
CONTINUE 
DO 65 J=l,NE 
Y (J)=-Yl (J) 
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C 
C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

75 
5 

105 

CALL DECOMP (NDIM,NE,A,COND,IPVT,WORK) 
CALL SOLVE (NDIM,NE,A,Y,IPVT) 
DO 75 J=1,NE 
X (J) =X (J) +Y (J) 
CONTINUE 
RETURN 
END 

SUBROUTINE DECOMP (NDIM,N,A,COND, IPVT, WORK) 

IMPLICIT REAL"8 (A-H,O-Z) 
DIMENSION A(NDIM, N) , WORK(N) , IPVT (N) 

DECOMPOSES AREAL MATRIX BY GAUSSIAN ELIMINATION, 
AND ESTIMATES THE CONDITION OF THE MATRIX. 

-COMPUTER METHODS FOR MATHEMATICAL COMPUTATIONS-, BY G. E. FORSYTHE, 
M. A. MALCOLM, AND c. B. MOLER (PRENTICE-HALL, 1977) 

USE SUBROUTINE SOLVE TO COMPUTE SOLUTIONS TO LINEAR SYSTEM. 

INlUT.. 

NDIM = DECLARED ROW DIMENSION OF THE ARRAY CONTAINING A 
N = ORDER OF THE MATRIX 
A = MATRIX TO BE TRIANGULARIZED 

OUTPUT. . 
A CONTAINS AN UPPER TRIANGULAR MATRIX U AND A PREMUTED 

VERSION OF A LOWER TRIANGULAR MATRIX I-L SO THAT 
(PERMUTAT ION MATRIX) 9 c ~ = ~ ' k ~  

COND = AN ESTIMATE OF THE CONDITION OF A. 
FOR THE LINEAR SYSTEM A*X = B , CHANGES IN A AND B 
MAY CAUSE CHANGES COND TIMES AS LARGE IN X. 
IF COND+1.0 .EQ. COND , A IS SINGULAR TO WORKING 
PRECISION. COND IS SET TO 1.OD+32 IF EXACT 
SINGULARITY IS DETECTED. 

IPVT = THE PIVOT VECTOR 
IPVT(K) = THE INDEX OF THE K-TH PIVOT ROW 
IPVT (N) = (-1) **(NUMBER OF INTERCHANGES) 

WORK SPACE.. THE VECTOR WORK MUST BE DECLARED AND INCLUDED 
IN THE CALL. ITS INlUT CONTENTS ARE IGNORED. 
ITS OUTPUT CONTENTS ARE USUALLY UNIMPORTANT. 

THE DETERMINANT OF A CAN BE OBTAINED ON OUTPUT BY 
DET(A) = IPVT(N) '' A(1,1) A(2,2) "' ... A A(N,N) . 
IPVT (N) =l 
IF (N.EQ.l) GO TO 150 
NM1=N-1 

ANORM=O . DO COMPUTE THE 1-NORM OF A . 
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C 
C 

C 

C 

C 
C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

DO 20 J=l,N 
T=O. DO 
DO 10 I=l,N 

10 T=T+DABS (A(1, J)) 
IF (T . GT . ANORM) ANORHIT 

20 CONTINUE 
DO GAUSSIAN ELIMINATION WITH PARTIAL 

PIVOTING. 
DO 70 K=l,NMl 

30 

40 

50 
60 

KP lPK+ 1 

M=K 
DO 30 I=KPl,N 

CONTINUE 
IPVT (K) -M 
IF (M.NE.K) IPVT(N)=-IPVT(N) 
T=A (M , K) 

FIND THE PIVOT. 

IF (DABS(A(1,K)) .GT.DABS(A(M,K))) M=I 

A (M, K) =A (K, K) 
A(K, K) =T 

IF (T.EQ.O.DO) GO TO 70 
SAIP THE ELIHINATION STEP IF PIVOT IS ZERO. 

COMPUTE THE MULTIPLIERS. 
DO 40 I=KPl,N 
A(I ,K) =-A(I ,K) /T 

DO 60 J-KP1,N 
T=A (M, J) 
A (M, 3 =A (K, J) 
A(K, J)=T 
IF (T.EQ.O.DO) GO TO 60 
DO 50 I=KPl,N 
A (I, J) =A (I, J) +A(I , K) jCT 

INTERCHANGE AND ELIMINATE BY COLUMNS. 

CONTINUE 
70 CONTINUE 

COND = (1-NORM OF A)*(AN ESTIMATE OF THE 1-NORM OF A-INVERSE) 
THE ESTIMATE IS OBTAINED BY ONE STEP OF INVERSE ITERATION FOR THE 
SMALL SINGULAR VECTOR. THIS INVOLVES SOLVING TWO SYSTEMS 
OF EQUATIONS, (A-TRANSPOSE)*Y = E AND A”Z = Y WHERE E 
IS A VECTOR OF +1 OR -1 COMPONENTS CHOSEN TO CAUSS GROWTH IN Y. 
ESTIMATE = (1-NORM OF Z)/(l-NORH OF Y) 

SOLVE (A-TRANSP0SE)”Y = E . 
DO 100 K=l,N 

T=O .DO 
IF (K.EQ.l) GO TO 90 
KH l=K- 1 
DO 80 I=l,KMl 

80 T=T+A(I,K)’tWORK(I) 
90 EK=l.DO 

IF (T.LT.O.DO) EK=-l.DO 
IF (A(K,K).EQ.O.DO) GO TO 160 

LOO WORK(K)=- (EK+T) /A(K,K) 
DO 120 KB=l,NMl 
K=N-KB 
T=O. DO 
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KP 1 =K+ 1 
DO 110 I=KPl,N 
T=T+A(I , K) *WORK (K) 
WORK (K) =T 
M=IPVT (K) 
IF (M.EQ.K) GO TO 120 
TIWORK (M) 
WORK (M) =WORK (K) 
WORK (K) =T 

110 

120 CONTINUE 
C 

YNORM=O.DO 
DO 130 I=l,N 

130 YNORM==YNORM+DAES (WORK(1)) 
C 
C SOLVE A"Z E Y 

CALL SOLVE (NDIM,N,A,WORK, IPVT) 
C 

ZNORM=O. DO 
DO 140 I=l,N 

140 ZNORM=ZNORM+DABS (WORK (I) ) 
C 
C ESTIMATE THE CONDITION. 

COND=ANORH%ZNORM/YNORM 
IF (COND. LT .1. DO) COND== 1. DO 
RETURN 

C 1-BY-1 CASE.. 
150 COND=l.DO 

IF (A(1,l) .NE.O.DO) RETURN 
C 
C EXACT SINGULARITY 
160 CONDP1.0D32 

RETURN 
END 
SUBROUTINE SOLVE (NDIM,N,A,B,IPVT) 

IMPLICIT REAL"8 (A-H, 0-Z) 
DIMENSION A (NDIM, N) , B (N) , IPVT (N) 

C 

C 
C SOLVES A LINEAR SYSTEM, A9rX = B 
C DO NOT SOLVE THE SYSTEM IF DECOMP HAS DETECTED SINGULARITY. 
C 
C -COMPUTER METHODS FOR MATHEMATICAL COMPUTATIONS-, BY G. E. FORSYTHE, 
C M. A. MALCOLM, AND C. B. MOLER (PRENTICE-HALL, 1977)  
C 
C INlUT.. 
C 
C NDIM = DECLARED ROW DIMENSION OF ARRAY CONTAINING A 
C N = ORDER OF MATRIX 
C A = TRIANGULARIZED MATRIX OBTAINED FROM SUBROUTINE DECOMP 
C B = RIGHT HAND SIDE VECTOR 
C IPVT = PIVOT VECTOR OBTAINED FROM DECOMP 
C 
C OUTPUT.. 
C 
C B = SOLUTION VECTOR, X 
C 
C DO THE FORWARD ELIMINATION. 
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IF (N.EQ.l) GO TO 50 
NM1-N-1 
DO 20 K=l,NMl 

KPl=K+l 
M=IPVT (K) 
T=B (M) 
B (MI -B (K) 
B (K) =T 
DO 10 IPKP1,N 
B (I) =B (I) +A (I, K) *T i o  

20 CONTINUE 
C NOW DO THE BACA SUBSTITUTION. 

DO 40 KB=l,NHl 
KMl-N-KB 
K=KM1+1 
B (K) =B (K) /A ( K ,  K) 
TI-B (K) 
DO 30 I=l,KM1 
B (I) =B (I) +A (I, K) *T 30 

50 B ( I ) = B  (1) /~(1,1> 
40 CONTINUE 

RETURN 
END 
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